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Abstract
The last couple of decades have brought an impressive growth in the output
power of rare-earth doped ber lasers and ampliers, reaching the kW average
power regime in both CW and pulsed systems. As a result, even though ber
lasers have excellent heat dissipation properties, thermal eects due to quantum
defect heating have recently begun to negatively impact these systems when
operating at high average power. The guiding properties of large-core ber am-
pliers have been observed to change as the operating power is increased, and
recently a mode instability phenomenon, which severely degrades the otherwise
nearly diraction-limited beam quality of ber ampliers, was discovered. The
latter eect has impeded the further power scaling of ber lasers, since the
mode instability sets in when the average power exceeds a certain threshold.
The purpose of the research presented in this thesis is to provide a theoreti-
cal understanding of the thermo-optical eects in high-power ytterbium doped
ber ampliers, with a particular emphasis on understanding the aforemen-
tioned mode instability issue. Two main approaches to the problem have been
used. The rst is the development of a numerical model based on the beam
propagation method, and the second is by a formulation of a coupled-mode
model of thermally induced mode instability. The former approach is used to
study the eect of quantum defect heating on the guiding properties of the
ber, while the latter provides a simplied description of the mode instability.
In spite of the approximations made in the formulation of the coupled-mode
model, it will be shown that this model is able to explain most of the experi-
mentally observed qualitative features of the mode instability phenomenon.
x Abstract
Resume (Danish abstract)
De seneste par artier har bragt en imponerende vkst i udgangseekten af
sjlden-jordartsmetal doterede berlasere- og forstrkere, og kW middeleekt
er opnaet i bade CW og pulsede systemer. Som flge heraf er termiske eekter
pga. kvantedefekt opvarmning begyndt at pavirke disse systemer negativt ved
hj middeleekt, pa trods af deres fremragende varmespredningsegenskaber.
Det er observeret at lysleder egenskaberne af stor-kerne berforstrkere ndres
nar eekten ges, og et mode-ustabilitetsfnomen, som forvrrer den ellers
nsten diraktionsbegrnsede stralekvalitet af berforstrkere betragtligt, er
for nyligt blevet opdaget. Sidstnvnte eekt har modvirket yderligere opska-
lering af berlaseres eekt, eftersom mode-ustabiliteten stter ind nar middel-
eekten overstiger en bestemt grnse.
Formalet med forskningen prsenteret i denne afhandling er at skabe en
teoretisk forstaelse af termo-optiske eekter i hjeekt ytterbium-doterede
berforstrkere, med et srligt fokus pa forstaelsen af frnvnte mode-
ustabilitetsfnomen. To hovedfremgangsmader til problemet er blevet benyt-
tet. Den frste er udviklingen af en numerisk model, baseret pa den sakaldte
\beam propagation method", og den anden er ved formuleringen af en koblet-
mode model af termisk induceret mode-ustabilitet. Frstnvnte er brugt til at
studere eekten af kvantedefekt opvarmning pa berens lysleder egenskaber,
mens sidstnvnte giver en simpliceret beskrivelse af mode-ustabilitet. Det vil
blive vist at denne model er istand til at forklare de este af de eksperimentelt
observerede kvalitative egenskaber ved mode-ustabilitetsfnomenet, pa trods
af de anvendte approksimationer.
xii Resume (Danish abstract)
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Chapter 1
Introduction
1.1 Background
Rare-earth doped ber lasers and ampliers have a long and distinguished
history as a backbone technology in long-haul optical communications, in par-
ticular the erbium doped ber amplier, which can provide gain in the telecom
band around 1550 nm. During the last couple of decades, however, the out-
put power of rare-earth doped ber lasers has increased considerably, and ber
lasers are now beginning to nd their way into applications that require high
output power, such as e.g. precision laser cutting and scribing.
The ber laser oers a number of advantages over the traditional rod-type
solid-state laser. In particular their near diraction-limited beam quality, re-
silience to environmental disturbances and their exibility and compactness.
In addition, ber lasers are less aected by thermal eects caused by heat
generated in the gain medium due to their large ratio of the surface area to
the volume of the gain medium. On the negative side, the long length and
tight connement of the beam make the ber laser more susceptible to detri-
mental nonlinear eects. However, with the invention of the photonic crystal
ber (PCF) in the mid 1990's came the possibility to produce single-mode
bers with much larger cores, which reduced the negative impact of nonlinear
eects and lead to an impressive increase in both peak and average power in
PCF lasers and ampliers.
With the increase in operating power, which broke the 1 kW barrier in
the mid 2000's [8], the presence of thermal eects began to become an issue.
Initial theoretical investigations of the eects of quantum defect heating fo-
cused mainly on mechanical limitations such as thermally induced stresses and
melting, and on optimizing the heat dissipation in the ber [9, 10, 11, 12].
2 Introduction
Later it was realized that the presence of strong radial thermal gradients could
potentially alter the guiding properties of the ber due to the temperature de-
pendence of the refractive index of silica [13], but further scaling of the output
power while maintaining near diraction-limited output was still considered
possible.
Then, around 2011, came the rst published reports [14, 15, 16] of a new
\mode instability" phenomenon, which we shall refer to as transverse mode
instability (TMI) in this thesis. This instability manifested itself as a sudden
degradation of the beam quality and pointing stability of the signal as the
average output power was increased beyond a certain threshold value, which
depended on the particular ber amplier. This phenomenon has become a
major challenge to further power scaling of ber ampliers.
1.2 Scope of the thesis
The purpose of this PhD project was to theoretically investigate thermo-
optical eects in high-power ytterbium doped ber ampliers. The initial
work focused on developing a numerical model, based on the beam propagation
method (BPM), which could take the eects of thermally induced changes in
the refractive index of the ber material into account, as well as gain saturation
eects. The model was initially intended to be used primarily to study thermal
lensing eects in detail, but following anecdotal and later published reports of
the phenomenon of TMI, the focus quickly shifted to understand and model
this eect. After it was realized that the BPM model could not adequately
explain TMI, work was initiated to formulate the problem in terms of coupled
modes, which resulted in a semi-analytical treatment of the problem, as well
as a more comprehensive numerical coupled-mode model. This work on TMI
thus constitutes the main results of the project.
1.3 Organization of the thesis
A brief overview of certain aspects of the theory of ber ampliers is given
in chapter 2. This treatment is by no means intended to be exhaustive, but
merely to serve as a background for the work presented in the thesis.
The results obtained with a circularly symmetric 2D BPM model of ytter-
bium doped ber ampliers are presented in chapter 3, where thermal lensing,
thermally induced multimode behavior and initial attempts to explain TMI are
discussed. The results presented in this chapter are also published in [1]. The
extension of the model to 3D by means of a Fourier expansion of the azimuthal
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dependence of the dynamical variables is presented in chapter 4. This numer-
ically ecient method is used to study the interaction between the LP01 and
LP11 modes of a large-core ber amplier under high average power operation.
A semi-analytic model of quantum noise seeded TMI is presented in chapter
5. The TMI threshold power is calculated, and the model is used to study
the dependence of the threshold on various design parameters of a step-index
ber (SIF). This work is published in [2]. It is also demonstrated how the
model can be applied to PCFs, which was done in collaboration with Mette
Marie Jrgensen from the Department of Photonics Engineering, Technical
University of Denmark [6, 7].
A complete coupled-mode model of TMI is formulated in chapter 6. Com-
pared to the semi-analytic model, this model provides a much more detailed
description of the dynamics of TMI. The predictions of this model are com-
pared to a number of recently experimentally discovered features of TMI. The
results presented in this chapter have been submitted for publication and is
currently undergoing peer review [3]. Finally, a summary of the thesis and an
outlook towards future research is given in chapter 7.
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Chapter 2
Fiber ampliers
In this chapter we shall review some aspects of the theory of optical bers,
which will serve as the foundation for the work presented in this thesis. In
section 2.1 we discuss the theory of the simple SIF. This simple model turns
out to be very useful, as it often provides a reasonable approximation to the
more complicated PCF, discussed in section 2.2. Due to the wide variety of
PCF designs, we shall only discuss the more general properties of these bers
here.
In section 2.3 we discuss rare-earth doped bers, with special emphasis on
ytterbium doping, and review some basic theory of stimulated emission and
gain in such bers. Finally, we briey review some aspects of the nonlinear
eects in optical bers which are detrimental to the power scaling of ber
ampliers in section 2.4.
2.1 The step-index ber
2.1.1 Fiber design and materials
An illustration of the cross section of a typical SIF is shown in Fig. 2.1. It
consists of a small center core of radius Rc and refractive index nc surrounded
by a much thicker cladding with a slightly lower refractive index ncl. As we
shall see, this refractive index dierence allows the ber core to guide light due
to total internal reection (TIR) at the core-cladding interface.
Optical bers of this kind are typically made of highly pure silica (SiO2)
glass, which has a refractive index nSiO2  1:45 at a wavelength of 1 m.
To produce the necessary index dierence, the core typically consists of ger-
manium doped silica, which increases its refractive index relative to the pure
6 Fiber ampliers
Rc
nc
ncl
Figure 2.1: The cross section of a SIF.
silica cladding. The precise index contrast is determined by the dopant con-
centration, and index dierences up to approximately 0.05 can be obtained in
this way. Other dopants can be used to modify the refractive index, such as
e.g. uorine which can be used to lower the refractive index of the cladding,
but index dierences much higher than the above mentioned 0.05 are hard to
obtain. Perhaps more importantly, it is dicult to produce SIFs with index
contrasts smaller than 10 3 due to the nite precision of the manufacturing
process.
The high purity of the glass makes for extremely low losses at visible and
near-infrared wavelengths. The dominant loss mechanism at wavelengths down
to the telecom wavelength of 1550 nm is Rayleigh scattering by intrinsic nm-
scale inhomogeneities in the glass. The loss due to Rayleigh scattering scales
with wavelength as  4 and so the total loss reaches a minimum at 1550 nm,
where absorption due to excitation of lattice vibrations in the silica matrix
begins to dominate. The best optical communications bers have reduced
losses to a mere 0.2 dB/km at a wavelength of 1550 nm.
Typical core diameters range from a few m for single-mode bers to several
hundred m for heavily multimode bers. Single-mode bers have the advan-
tage of greater beam quality, which is important in ber laser systems, and
higher data transmission rates in optical communication systems compared to
the multimode bers. However, as we shall see later, the smaller core required
for single-mode guidance makes these bers more susceptible to unwanted non-
linear eects.
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2.1.2 Fiber modes
The electric and magnetic elds in the optical ber obey the source-free
Maxwell equations
r D(r; t) = 0; (2.1a)
r B(r; t) = 0; (2.1b)
rE(r; t) =  @B
@t
; (2.1c)
rH(r; t) = @D
@t
; (2.1d)
where E and H are the electric and magnetic elds, respectively, D is the
electric displacement and B is the magnetic ux density. The constitutive
relations between the electric and magnetic elds and the electric displacement
and magnetic ux density are given by
D(r; t) = "0E(r; t) +P(r; t); (2.2a)
B(r; t) = 0H(r; t) +M(r; t); (2.2b)
where "0 is the vacuum permittivity, 0 is the vacuum permeability, P is the
polarization and M is the magnetization of the ber material. For a dielectric
such as silica, the magnetization is zero to an excellent approximation.
To obtain a wave equation for the electric eld, we take the curl of Eq. (2.1c)
and use Eq. (2.1d) along with the constitutive equations (2.2) which gives
rrE(r; t) + 1
c2
@2E
@t2
=  0 @
2P
@t2
; (2.3)
where c is the speed of light in vacuum. Taking the Fourier transform1 with
respect to t yields the wave equation in the angular frequency domain
rrE(r; !)  k2E(r; !) = 0!2P(r; !); (2.4)
where k2 = !2=c2.
In our discussion of ber modes of a SIF, we assume that the ber material
is well approximated by an isotropic, linear dielectric, in which case the induced
polarization is related to the electric eld by a scalar linear susceptibility (1)
P(r; !) = "0
(1)(r; !)E(r; !): (2.5)
1We use the Fourier transform convention f(!) =
R1
 1 f(t)e
 i!tdt.
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Inserting the induced polarization into Eq. (2.4) yields a wave equation valid
for a ber in the absence of birefringence and nonlinear eects
rrE(r; !)  "(r; !)k2E(r; !) = 0; (2.6)
where we have introduced the relative permittivity " = 1+(1). For small index
contrasts we can invoke the so-called weakly guiding or scalar approximation
to rewrite the double curl operator as
rrE(r; !) = r (r E(r; !)) r2E(r; !)   r2E(r; !); (2.7)
and the wave equation takes the form of the vector Helmholtz equation
r2E(r; !) + "(r; !)k2E(r; !) = 0: (2.8)
Using the fact that the relative permittivity of the ber is invariant in the
longitudinal direction, which we take to be the z direction, we look for solutions
of Eq. (2.8) on the form
E(r; !) = E0	(r?; !)e i(!)z; (2.9)
where E0 is a constant vector specifying the polarization, amplitude and phase
of the electric eld, 	 is a normalized transverse mode function which depends
on the transverse coordinates r? and  is a frequency dependent propagation
constant. With this ansatz Eq. (2.8) takes the form of an eigenvalue equation
r2?	(r?; !) + "(r?; !)k2	(r?; !) = (!)2	(r?; !); (2.10)
which can be solved for the mode functions 	 and corresponding propagation
constants . The modes will in general consist of a discrete set of guided modes,
which are conned within the ber structure, and a continuum of radiation
modes, which are not conned. In the following, we shall concern ourselves
only with the guided modes.
For a ber with a circularly symmetric cross section, it is convenient to
write Eq. (2.10) in polar coordinates r; :
@2	
@r2
+
1
r
@	
@r
+
1
r2
@2	
@2
+ "(r)k2	(r; ) = 2	(r; ); (2.11)
where we have omitted ! from the notation for brevity. Since the relative
permittivity " is independent of , we look for solutions on the form
	cm(r; ) = Rm(r) cos(m); (2.12a)
	sm(r; ) = Rm(r) sin(m); (2.12b)
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where m is required to be a non-negative integer. For the SIF illustrated
in Fig. 2.1, the radial mode functions Rm must then satisfy the eigenvalue
equation
@2Rm
@r2
+
1
r
@Rm
@r
  m
2
r2
Rm + k
2n2cRm = 
2Rm for r  Rc; (2.13a)
@2Rm
@r2
+
1
r
@Rm
@r
  m
2
r2
Rm + k
2n2clRm = 
2Rm for r > Rc; (2.13b)
where we used the fact that " = n2 for loss-less dielectrics. Introducing the
eective index neff = =k and the dimensionless variables
u = ar = kr
q
n2c   n2eff (2.14a)
v = br = kr
q
n2eff   n2cl (2.14b)
the radial eigenvalue equation becomes
u2
@2Rm
@u2
+ u
@Rm
@u
+
 
u2  m2Rm(u) = 0 for u  aRc; (2.15a)
v2
@2Rm
@v2
+ v
@Rm
@v
   v2 +m2Rm(v) = 0 for u > bRc: (2.15b)
The solutions to Eq. (2.15a) are linear combinations of the Bessel functions of
the rst kind Jm(u) and second kind
2 Ym(u), but since the latter is singular at
r = 0, only the former is included in the solution. Analogously, the solutions
to Eq. (2.15b) are linear combinations of the modied Bessel functions of the
rst kind Im(v) and second kind Km(v). Since we are looking for guided mode
solutions, we impose the boundary condition
lim
v!1Rm(v) = 0 (2.16)
which immediately implies that only the modied Bessel function of the second
kind Km is included. The cosine solutions to Eq. (2.13) are thus given by
	cm(r; ) = AJm(ar) cos(m) for r  Rc; (2.17a)
	cm(r; ) = BKm(br) cos(m) for r > Rc; (2.17b)
with an analogous expression for the sine solutions. The eective index neff is
determined by the requirement that the radial mode function Rm and its rst
2The Bessel function of the second kind is also sometimes called the Neuman function
Nm.
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derivative must be continuous across the interface at r = Rc, which yields the
two conditions
AJm(aRc) = BKm(bRc); (2.18a)
AaJ 0m(aRc) = BbK
0
m(bRc); (2.18b)
where the prime denotes dierentiation with respect to r. Using the recursion
relations for the Bessel functions
xJ 0m(x) = xJm 1(x) mJm(x); (2.19a)
xK 0m(x) =  xKm 1(x) mKm(x); (2.19b)
the two conditions in Eqs. (2.18) can be combined into a single equation
aJm 1(aRc)
Jm(aRc)
=  bKm 1(bRc)
Km(bRc)
: (2.20)
Since a and b are given by the eective index neff , Eq. (2.20) can be solved
for neff for a given m. As we shall see, the equation may have no solution or
a number of solutions depending on the SIF parameters and frequency of the
electromagnetic eld. Although Eq. (2.20) is transcendental and thus must be
solved numerically, a cuto condition for the guided modes can be found by
considering the asymptotic behavior of the solution as r ! 1. For modes of
order m this cuto criterion is [17]
Jm 1(V ) = 0; (2.21)
where the V parameter is dened as
V =
2Rc

q
n2c   n2cl =
2Rc

NA; (2.22)
where NA is the numerical aperture (NA), which gives the largest angle of
incidence that will lead to TIR in a ray-optics picture of the ber. We see
that V is proportional to the frequency of the electromagnetic eld, and as V
increases additional guided modes appear. The mode with the highest neff is
called the fundamental mode (FM), and all other guided modes, which have
lower eective indices, are called higher-order modes (HOMs). For the SIF the
modes are labeled LPml where LP stands for linearly polarized to emphasize
that we are working under the scalar approximation in which all modes are
linearly polarized in the same direction. The index l labels the modes for a
given m with the number of nodes of the radial mode function Rml of the
mode being l  1. The cuto values of the V parameter for the rst few modes
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LPml m = 0 m = 1 m = 2 m = 3
l = 1 0 2.4048 3.8317 5.1356
l = 2 3.8317 5.5201 7.0156 8.4172
l = 3 7.0156 8.6537 10.1745 11.6198
l = 4 10.1735 11.7915 13.3237 14.7960
Table 2.1: Cuto values of the V parameter for the LPml modes of a SIF.
are given in Table 2.1. We see that a SIF with V < 2:4048 supports only a
single guided mode, namely the LP01 mode. An optical ber which guides
only the FM at a particular wavelength is said to be single-mode, while bers
supporting multiple guided modes are called multimode. From the denition
of the V parameter given in Eq. (2.22) it is evident that increasing the core
diameter and the index contrast will result in a higher V and hence eventually
to multimode guidance.
In principle, the LP01 mode exists for any positive value of V . However, as
guided modes becomes more conned to the core with increasing V , this mode
will be very poorly conned if V < 1. The same is true for HOMs, which are
poorly conned if the V parameter is only slightly above the cuto value for
the mode.
The modes are normalized according toZ 2
0
Z 1
0
	ml(r; )
2rdrd = 1; (2.23)
and also satisfy the orthogonality conditionZ 2
0
Z 1
0
	ml(r; )	nk(r; )rdrd = mnlk: (2.24)
As an example, we consider the guided modes of a SIF with V = 5, Rc = 20
m, nc = 1:45 and a signal wavelength  = 1 m. From Table 2.1 we nd that
only the modes LP01, LP11, LP02 and LP21 are guided. The mode functions
	 for these modes are plotted in Fig. 2.2.
2.2 The photonic crystal ber
A revolutionary new type of optical ber, known as a PCF, was invented by
Knight et al. [18]. Rather than relying on doping of silica to achieve the
necessary refractive index variation to provide the guiding properties of the
ber, a PCF obtains its light guiding properties by having a cladding typically
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(a) LP01 (b) LP02
(c) LP11 cos (d) LP11 sin
(e) LP21 cos (f) LP21 sin
Figure 2.2: Guided modes of a SIF with V = 5, Rc = 20 m, nc = 1:45 and
 = 1 m.
made up of a m-scale periodic array of airholes in the silica matrix, with the
core consisting of a central defect in this periodic array. As can be seen from
the examples shown in Fig. 2.3, the possibilities for varying the structure of the
cladding are enormous, and the PCF technology thus oers a design exibility
that greatly exceeds that of the traditional optical bers. In addition to the
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greater design exibility, PCFs also possess a number of unique properties,
which we shall discuss in the following. Since the focus of the work presented
in this thesis is not directed explicitly at PCFs, the discussion given here will
be brief and only discuss some basic features of this type of ber.
(a) Multicore PCF (b) Hollow-core PBG ber
(c) Double-clad PCF (d) Double-clad PCF
Figure 2.3: Scanning electron microscope images of various PCF designs. Im-
ages courtesy of NKT Photonics A/S.
2.2.1 Manufacturing of photonic crystal bers
PCFs are drawn using a draw-tower in much the same way that traditional
bers are drawn. The main dierence lies in the creation of the ber preform.
A PCF preform is made by stacking together a number of cylindrical silica rods
and capillary tubes into the desired pattern. In the case of active bers, some of
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the rods constituting the core are doped with an appropriate rare-earth element
to provide the gain medium. The preform stack is then fused together in an
intermediate drawing step, producing a number of so-called canes, which can
then be drawn into the nal PCF. Care must be taken during the production
to prevent the collapse of the capillary tubes while at the same time collapsing
the interstitial holes between the close-packed tubes.
2.2.2 Index guiding bers
PCFs can be roughly divided into two categories, depending on the physical
mechanism by which light is guided in the core. The rst type, which we shall
consider here, guides light by TIR as in traditional optical bers, whereas the
second type connes light to the core by the so-called photonic bandgap (PBG)
eect. A PCF which guides light by TIR is also called an index-guiding PCF.
A particularly simple example of an index-guiding PCF is illustrated in
Fig. 2.4. This ber consists of a triangular array of airholes of diameter d and
center-to-center hole distance , which is known as the pitch. Both param-
eters have a profound impact on the optical properties of the ber, such as
the dispersion and the number and characteristics of guided modes, and can
be varied a great deal. Calculating the guided modes of such a ber requires
numerical methods, such as the nite element method (FEM). However, it
has been shown by Koshiba and Saitoh [19] that these simple PCFs are well
approximated by an eective SIF model. In this model, the core has a refrac-
tive index equal to the refractive index of the glass matrix of the PCF and an
eective core radius Reff = =
p
3, and is surrounded by an eective homoge-
neous cladding. The refractive index of this eective cladding is taken to be the
eective index of the fundamental mode of the innite periodic microstructure
of the cladding without the core defect. This fundamental mode is also called
the fundamental space-lling mode (FSM), and its eective mode index nFSM
depends on the hole diameter, pitch and wavelength of the light.
Analogous to the SIF considered in section 2.1, the V parameter for the
eective SIF model of the PCF is given by
VPCF =
2p
3
q
n2SiO2   n2FSM : (2.25)
With this denition, it was shown that the single-mode cuto criterium for the
simple PCF shown in Fig. 2.4 is VPCF < 2:4048, the same as for a SIF. It was
also shown that important mode properties such as eective index, dispersion
and mode eld diameter (MFD) are well approximated by the SIF model.
There is, however, a very important dierence between the SIF and the
PCF. In the SIF, the refractive index of the cladding ncl is largely independent
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
(a) Index-guiding PCF
Reff
nSiO2
nFSM
(b) Eective SIF model
Figure 2.4: (a) A simple index-guiding PCF consisting of a triangular array of
airholes with a central defect core. (b) The SIF approximation to the PCF.
of the frequency of the light. As was discussed in section 2.1, this means that a
SIF becomes multimode as the wavelength of the light decreases below a certain
cuto value. The situation is quite dierent in a PCF, since the eective
index of the cladding nFSM is strongly wavelength dependent. In the short
wavelength limit =  1, the eld of the fundamental mode of the innite
cladding structure is largely conned to the high-index silica matrix, avoiding
the airholes. This implies that the eective index nFSM ! nSiO2 in this limit.
In the long wavelength limit = 1, the eld of the fundamental mode of the
cladding will be approximately uniform, and nFSM will tend toward an area-
weighted average of the refractive indices of air and silica. Let us now consider
the behavior of VPCF in the short wavelength limit. As mentioned above, the
eld of the fundamental space-lling mode of the cladding is essentially conned
to the silica matrix, and we can therefore consider this mode to satisfy the scalar
eigenvalue equation
r2?	FSM + n2SiO2k2	FSM = 2FSM	FSM ; (2.26)
where FSM = nFSMk is the propagation constant of the fundamental space-
lling mode. Multiplying Eq. (2.26) by 	FSM and integrating over the trans-
verse coordinates yields
n2SiO2   n2FSM =


2
2 R jr?	FSM j2 dr?R j	FSM j2 dr? : (2.27)
This means that in the short wavelength limit, VPCF ! constant rather than
diverging as in the SIF case. The limiting value of VPCF is determined by
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the ratio d=, and if it is smaller than the cuto value 2:4048, the PCF will
be single-mode for all wavelengths. This has been found to be the case when
d= < 0:42. This very important property of PCFs is called endlessly single-
mode guidance. If d= exceeds the endlessly single-mode threshold of 0:42,
the PCF will support multiple guided modes. Since the endlessly single-mode
criterium depends only on the ratio d=, it is possible to scale the pitch to
quite large values, and thereby obtain single-mode bers with a very large core
diameter. As was discussed in section 2.1, the core diameter of a single-mode
SIF is limited by the nite precision of the ber manufacturing process, which
limits the smallest achievable core-cladding index contrast. The fabrication
of a large-pitch PCF is fairly straightforward, and it is therefore possible to
produce single-mode bers with larger cores using PCFs.
2.2.3 Photonic bandgap bers
The guiding mechanism of so-called PBG bers dier signicantly from the
essentially TIR guiding of the index-guiding PCFs. A PBG ber utilizes the
fact that a 2D periodic array of scatterers can prevent light propagation in
the transverse direction for a certain frequency range, provided that the index
contrast between the scatterers and the background material is suciently large
[20]. This is known as a PBG. For airholes in a silica matrix, however, the index
contrast is insucient to create a PBG for both polarizations simultaneously.
However, when we take propagation in the longitudinal direction into account,
the air-silica index contrast is sucient to create a PBG, provided that the
propagation constant is large enough. Alternatively, we can say that for a
given frequency, a certain range of propagation constants are not allowed. This
means that a central defect in the periodic microstructure can conne light
with a frequency and propagation constant that falls within the PBG.
Since the PBG bers do not rely on TIR to conne the light, the refractive
index of the core need not be greater than the refractive index of the surround-
ing cladding. PBG bers are therefore ideal for creating hollow-core bers, an
example of which is shown in Fig. 2.3b. Since the light in such bers is guided
in air, the nonlinear optical eects are extremely small.
The scatterers in the cladding microstructure need not consist of airholes,
but can also consist of high-index rods. The solid core then consists of a low-
index defect. Such bers thus have no airholes at all, which can facilitate
handling and splicing. The inclusion of high-index rods in an otherwise index-
guiding PCF design has also been used to fabricate a kind of hybrid between
the index guiding PCF and the PBG ber, where the PBG eect is utilized to
suppress HOMs in the large-core ber [21, 22].
As most active PCFs are based on index-guiding designs, we shall not dis-
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cuss PBG bers any further in this thesis.
2.3 Active bers and ytterbium doping
Optical bers can be turned into lasers and optical ampliers by doping the
ber core with atoms which have a transition at the desired frequency. A
population inversion is created by optical pumping of these atoms, and the
ber can then amplify the signal. Traditionally, erbium (Er) has been used as
dopant since it can provide gain at the telecom band at 1550 nm, but more
recently, other rare-earth elements such as neodymium (Nd) [23], ytterbium
(Yb) [24] and thulium (Tm) [25] have been used. Since the work presented
in this thesis concerns Yb-doped bers, we shall restrict the discussion to this
dopant only. Furthermore, the brief discussion presented here serves only as
an introduction to the more detailed work presented in chapter 3.
To ensure excellent beam quality, the signal should preferably be guided in
the FM of the ber, but no such requirement exist for the pump light. In fact,
since the pump light is often provided from high-power, low-brightness sources,
it can be dicult to ensure ecient coupling of the pump light into the low-NA
ber core. For this reason, a so-called double-clad design, an example of which
is shown in Fig. 2.3d, can be used to guide the pump light in an inner cladding
surrounded by an outer cladding, which provides a high-NA waveguide into
which the pump light is eciently coupled. Since the pump waveguide in the
double-clad ber is highly multimode, the transverse prole of the pump light
will be fairly uniform and can therefore eciently pump the rare-earth dopants
in the core, providing gain for the signal.
2.3.1 Energy states of ytterbium
When rare-earth ions are used as dopants in silica bers, their partially lled
4f orbitals do not participate in the bonding to the silica host and hence energy
levels of this orbital are well dened and have long lifetimes [17]. When Yb
is used as a dopant in silica, it is in the form of the Yb3+ ion, which has 13
electrons out of the 14 possible in the 4f orbital. This makes for a very simple
energy level diagram, which is illustrated in Fig. 2.5 [26, 27].
The states of the ground state manifold 2F7=2 and the excited state manifold
2F5=2 are split by Stark shifts due to interaction with the silica host and are
labeled a through d for the ground state manifold, while the 3 energy states
of the excited state manifold are labeled e through g. The optical transitions
between the individual states of the ground and excited state manifolds can
then be used for lasing. Experimental values for the absorption and emission
cross sections are plotted in Fig. 2.6. The sharp peak at 975 nm in both the
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b
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d
e
f
g
2F7=2
2F5=2
975 nm
Figure 2.5: Energy level diagram of the Yb3+ ion. The degeneracy of the
ground and excited state manifolds is lifted by the Stark eect caused by the
silica host.
absorption and emission spectra is due to transitions between the lowest levels
in the ground state and excited state manifolds, labeled a and e in Fig. 2.5. This
line is quite narrow due to the long radiative lifetime of the excited state, which
is about 0.85 ms. The broad emission peak around 1030 nm is due to transitions
from state e to the higher states of the ground state manifold, labeled b, c and
d. These states decay to the ground state a by rapid non-radiative transitions.
It is thus clear that it should be possible to achieve gain at wavelengths in a
broad range from around 1 m to 1.2 m by optical pumping of the ber at
975 nm. This is indeed perhaps the most used pumping conguration used
with Yb-doped ber lasers. Furthermore, we identify the broad peak in the
absorption spectrum around 915 nm with transitions from the ground state
a to the higher states of the excited state manifold, labeled f and g, which
permits gain at shorter wavelengths to be obtained.
Regardless of which pumping scheme is employed, the signal wavelength
must always be greater than the pump wavelength. In the amplication process,
pump photons are converted into signal photons of lower energy. This energy
discrepancy, also known as the quantum defect, is carried away by phonons in
the silica host and hence converted into heat. Since the refractive index of silica
is sensitive to temperature, this quantum defect heating leads to a thermal
nonlinear eect in rare-earth doped ber ampliers. As we shall see later,
this eect can have a profound impact on the performance of such ampliers.
Compared to other rare-earth dopants, Yb has a relatively small quantum
defect and is therefore well-suited for high average power ber ampliers.
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Figure 2.6: Absorption (blue curve) and emission (green curve) cross section
of Yb-doped silica. Data courtesy of NKT Photonics A/S.
2.3.2 Rate equations and gain
The dynamics of the Yb ions can be modelled by the rate equations
@N7=2
@t
=   (app + ass)N7=2 + (epp + ess + )N5=2; (2.28a)
@N5=2
@t
= (app + ass)N7=2   (epp + ess + )N5=2; (2.28b)
where N7=2, N5=2 are the densities of Yb ions in the
2F7=2 and
2F5=2 manifolds,
respectively, p and s denote the photon ux density of the pump and signal
elds, ap, ep are the absorption and emission cross sections of Yb at the pump
wavelength, while as and es are the corresponding quantities at the signal
wavelength. The spontaneous emission rate of the 2F5=2 manifold is denoted
by .
When the pump and signal power changes only slowly with time, the solu-
tion to Eqs. (2.28) can be approximated by the steady-state solution, which is
obtained by setting the time derivatives equal to zero
N5=2 =
(app + ass)NY b
(ap + ep)p + (as + es)s + 
; (2.29)
where NY b = N7=2 +N5=2 is the total density of Yb ions.
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The photon ux density of the signal satises the rate equation
@s
@z
=
 
N5=2es  N7=2as

s(z) = gs(z); (2.30)
where the gain coecient is given by
g = N5=2es  N7=2as: (2.31)
From Eq. (2.30) we see immediately that a positive value of g leads to am-
plication of the signal, and that this requires a certain minimum population
of the excited state manifold 2F5=2, which depends on the signal wavelength.
Assuming xed populations in the ground and excited state manifolds leads to
a constant gain coecient, and the solution to Eq. (2.30) is the simple expo-
nential growth
s(z) = s(0)e
gz: (2.32)
However, from the steady-state solution of the rate equations, given by
Eq. (2.29), we see that the population densities themselves depend on the
pump and signal power. As the signal power grows the excited state popu-
lation falls, which is known as gain saturation. A more realistic treatment of
Yb-doped bers must thus solve the rate equations for the Yb ions in addition
to the rate equations for the pump and signal.
2.4 Nonlinear eects in bers
Up to now we have treated the material constituting the optical ber as a linear
dielectric, for which the induced polarization is proportional to the electric eld.
Although this is an excellent approximation for small eld amplitudes, it fails
when the eld intensity becomes high enough. This gives rise to a host of
nonlinear optical eects, which have many interesting and useful applications
in ber optics [28]. For rare-earth doped ber lasers and ampliers, however,
these nonlinear eects lead to unwanted side eects which are detrimental to
the power scalability of the system.
In this section we shall briey review the most important nonlinear optical
eects that limit the output power of ber ampliers. As we shall see, one
obvious way of reducing the impact of nonlinear optical eects is to increase
the area of the core. This leads to a larger MFD and hence a lower signal
intensity, which reduces the strength of the nonlinear optical eects. This
fact has motivated the development of large mode area (LMA) PCF ampliers
during the last decade.
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2.4.1 The nonlinear induced polarization
In order to take nonlinear optical eects into account, we expand the depen-
dence of the induced polarization P on the electric eld E in a Taylor series,
keeping terms to third order. In an isotropic material such as fused silica, the
even order terms in the Taylor expansion must vanish due to the inversion
symmetry of the material. We thus write the total induced polarization as
P(r; t) = PL(r; t) +PNL(r; t); (2.33)
where PL is the usual linear induced polarization and PNL is the nonlinear
induced polarization. The latter is given by
PNL;i(t) = "0
ZZZ 1
 1
R
(3)
ijkl(t  t1; t  t2; t  t3)Ej(t1)Ek(t2)El(t3)dt1dt2dt3
(2.34)
where R(3) is the rank 4 tensor response function for the third order nonlinear
induced polarization, the indices i; j; k; l refer to cartesian components of the
tensor and vectors and summation over repeated indices is implied. Note that
although we are considering an isotropic medium, the third order nonlinear
response tensor need not be diagonal.
The motion of the electrons and the nuclei that constitute a silica molecule
both contribute to the nonlinear response, with the vibrational motion of the
nuclei being responsible for the duration of the response. Typical response
times for fused silica glass used in bers is around 65 fs, and for signal pulses
with a signicantly longer duration, the response function R(3) can be treated
as eectively instantaneous, i.e.
R
(3)
ijkl(1; 2; 3)  (3)ijkl(1)(2)(3); (2.35)
where (3) is the third order nonlinear susceptibility. This leads to the following
expression for the nonlinear induced polarization
PNL;i(r; t)  "0(3)ijklEj(r; t)Ek(r; t)El(r; t): (2.36)
This approximate form of the nonlinear induced polarization describes many
eects such as self-phase modulation (SPM), third-harmonic generation (THG)
and four-wave mixing (FWM). Because we have neglected the eect of the nite
duration of the nonlinear response, it does not describe eects that are caused
by molecular vibrations, such as stimulated Raman scattering (SRS).
Inserting Eq. (2.36) into Eq. (2.3) and assuming that the x-polarized electric
eld in the ber can be written as
E(r; t) =
1
2
x

	(r?)A(z; t)ei(!0t 0z) + c:c:

; (2.37)
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where 	 is the mode function for the FM, it is possible to derive a wave equation
for the slowly-varying complex amplitude A [28]
@A
@z
+

2
A(z; T ) +
i
2
2
@2A
@T 2
= i jA(z; T )j2A(z; T ): (2.38)
Here  describes ber loss (or, if  < 0, gain), and we have made the coordinate
transformation T = t 1z. The frequency dependent propagation constant of
the FM has been expanded in a Taylor series about the carrier frequency !0
(!)  0 + (!   !0)1 + 1
2
(!   !0)22; (2.39)
where
n =
dn
d!n
(!0): (2.40)
0 is the propagation constant at !0, 1 = v
 1
g gives the group velocity of the
pulse described by the envelope function A(z; T ) and 2 is a measure of the
group-velocity dispersion (GVD). The nonlinear parameter  is given by
 =
n2!0
cAeff
; (2.41)
where the nonlinear-index coecient n2 is given in terms of the third order
susceptibility (3) and the linear refractive index n as
n2 =
3
8n
Re

(3)xxxx

; (2.42)
and the eective mode area Aeff is dened by
Aeff =
RR j	(r?)j2 d2r?2RR j	(r?)j4 d2r? : (2.43)
It is clear from Eq. (2.38) that  determines the strength of the nonlinearity.
The nonlinear-index coecient n2 is a material parameter, which for fused silica
is 2:6  10 20 m2=W. The eective mode area on the other hand can vary a
great deal depending on ber core diameter. In particular, it is obvious that
a large eective mode area leads to a small nonlinear parameter and hence to
reduced nonlinear optical eects.
In the special case of zero loss or gain ( = 0), Eq. (2.38) is known as
the nonlinear Schrodinger equation and is a quite general equation for wave
phenomena in which dispersion and nonlinearity is taken into account to lowest
order.
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2.4.2 Self-phase modulation
One of the most limiting nonlinear optical eects for pulsed ber ampliers
is SPM [29]. As we shall see, the nonlinear term in Eq. (2.38) leads to an
intensity dependent variation of the phase of the electric eld, which results
in spectral broadening of the pulses. For suciently long pulses of high peak
power, the GVD term in Eq. (2.38) can be neglected. The solution to the
nonlinear Schrodinger equation in this case is then given by [28]
A(L; T ) = A(0; T )e L=2 exp (iNL(L; T )) ; (2.44)
where the nonlinear phase is given by
NL(L; T ) = Leff jA(0; T )j2 : (2.45)
The eective length Leff for a ber of length L is dened by
Leff =
1  e L

: (2.46)
From the solution given in Eq. (2.44) we see that the phase of the electric eld
changes with time due to the changing eld amplitude. The maximum phase
shift max occurs at the peak of the pulse and is given by
max = P0Leff ; (2.47)
where P0 is the peak power of the pulse. The temporally varying phase leads
to a temporally varying instantaneous frequency of the light. Assuming a
Gaussian pulse envelope with an initial spectral width of !0, this frequency
chirp leads to spectral broadening of the pulse. The magnitude of this spectral
broadening, as measured by the root-mean-square width of the pulse spectrum,
is given by [28]
!(L)
!0
=
s
1 +
42max
3
p
3
; (2.48)
where !(L) is the spectral width of the output pulse. From this result, it is
clear that in order to avoid the SPM induced spectral broadening, bers with
very large cores can be utilized, as this leads to a reduction of the nonlinear
parameter .
2.4.3 Stimulated Raman scattering
As mentioned earlier, the vibrational motion of the nuclei constituting the
SiO2 molecules in fused silica glass also contributes to the nonlinear response
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of the material. Two-photon transitions between the ground state and excited
vibrational states of the molecule, in which a photon from a strong pump eld is
absorbed and a photon is emitted into a lower-frequency Stokes eld, is known
as Raman scattering. If the process is stimulated, i.e. if the Stokes eld is
present alongside the pump, the process is called SRS.
In the continuous wave (CW) or quasi-CW regime, where eects of disper-
sion and the group velocity dierence between the pump and Stokes elds can
be neglected, the SRS process can be described by the simple set of coupled
dierential equations for the pump and Stokes intensity [28]
@Is
@z
= gR(
)IpIs   sIs; (2.49a)
@Ip
@z
=  !p
!s
gR(
)IpIs   pIp: (2.49b)
In Eqs. (2.49) Is;p are the Stokes and pump intensities, !s;p the corresponding
angular frequencies and s;p account for ber losses or gain at the Stokes and
pump frequencies. The Raman gain coecient gR determines the strength
of the SRS process and depends on the frequency dierence 
 = !p   !s.
For copolarized pump and Stokes elds, the gain spectrum has a broad peak
around 
=2  13 THz, and for a pump wavelength of 1 m has the peak
value gR;max  10 13 m=W.
Under the assumption of negligible pump depletion, Eqs. (2.49) have the
approximate solution
Ip(L) = Ip(0) exp ( pL) ; (2.50a)
Is(L) = Is(0) exp (gRIp(0)Leff   sL) ; (2.50b)
where Leff is given by Eq. (2.46) with  = p. From this solution we see that
the Stokes intensity grows exponentially with input pump power, provided that
a small amount of Stokes light is present at the input. In reality, this \seeding"
of the Stokes eld is provided by spontaneous Raman scattering, which is always
present. As the Stokes eld power increases, the pump will eventually become
depleted and the approximate solution given by Eqs. (2.50) becomes invalid.
In the context of rare-earth doped ber ampliers, it is now clear that the
amplied signal can act as a pump in the SRS process, resulting in a loss of
signal at the desired wavelength and a buildup of power in the Stokes eld.
Dening the Raman threshold as the input pump power PR;th at which the
output pump and Stokes powers are equal, Smith [30] derived the following
expression for the Raman threshold
PR;th =
16Aeff
gR;maxLeff
: (2.51)
2.4 Nonlinear eects in bers 25
From this expression we see immediately that a larger eective mode area
leads to a higher threshold power for SRS. As with SPM, this fact motivates
the design of LMA bers. However, other means of suppressing SRS besides
scaling up the core exists. Since SRS involves the generation of a new frequency
component, various \ltering" techniques can also be employed, in which the
modes of the Stokes eld are highly delocalized from the core [31, 32].
2.4.4 Stimulated Brillouin scattering
Another important nonlinear process which leads to the generation of a red-
shifted Stokes component from a stronger pump eld is stimulated Brillouin
scattering (SBS). Unlike SRS however, the pump and Stokes elds involved in
SBS do not interact through the vibrational states of the individual molecules of
the ber material, but rather through the eect known as electrostriction. The
interference pattern created by the pump and Stokes elds creates an acoustic
wave in the ber through this eect, and the density variation associated with
this wave results in a moving refractive index grating. This index grating can
in turn scatter the pump light by Bragg diraction. The scattered light is
redshifted due to the Doppler eect associated with the moving index grating,
resulting in amplication of the Stokes eld. Due to the dispersion relation
obeyed by the acoustic wave, the pump light is scattered almost exclusively in
the backward direction, unlike SRS which can scatter light in both the forward
and backward direction.
In the case of a CW electric eld, the intensities of the pump and Stokes
components obey a set of coupled dierential equations very similar to the
equations governing SRS
@Ip
@z
=  gB(
)IpIs   Ip; (2.52a)
 @Is
@z
= gB(
)IpIs   Is; (2.52b)
where we have assumed !s  !p and equal loss coecients  for both pump
and Stokes elds. This is justied because of the much smaller frequency
shift associated with SBS compared to SRS. If we assume a simple model for
the Brillouin gain, in which the acoustic wave decays as exp(  Bt), the gain
spectrum has the simple Lorentzian form
gB(
) =
gB;max( B=2)
2
(
  
B)2 + ( B=2)2 ; (2.53)
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where   1B is the acoustic phonon lifetime and the Brillouin shift is given by

B =
4vaneff;p
p
: (2.54)
Here va is the acoustic velocity of the ber material, neff;p is the eective
mode index of the pump and p is the pump wavelength. A typical value for
the Brillouin shift is 
B=2  11 GHz at p = 1:55 m. The width of the
Brillouin gain is given by  B and varies with ber material and design, but can
exceed 100 MHz at p = 1:55 m [28]. A typical value for the peak Brillouin
gain is gB;max  5  10 11 m=W, which is about 500 times larger than the
peak Raman gain.
A Brillouin threshold pump power PB;th can be calculated in the same
manner as for SRS [30]
PB;th =
21Aeff
gB;maxLeff
: (2.55)
Due to the much larger peak value of the SBS gain compared to the SRS gain,
the SBS threshold calculated from Eq. (2.55) is almost 3 orders of magnitude
smaller than the corresponding SRS threshold calculated from Eq. (2.51). How-
ever, it should be kept in mind that the SBS threshold given by Eq. (2.55) is
derived for quasi-CW light with a linewidth smaller than the width of the Bril-
louin gain spectrum. For pulses or CW elds with a spectral width larger than
the width of the Brillouin gain spectrum, the Brillouin gain is substantially
reduced, and the SBS threshold can become higher than the SRS threshold
[28].
As with SPM and SRS, the unwanted eects of SBS can be mitigated by
increasing the eective mode area. However, a number of other mitigation
techniques exists for SBS. For CW operation in which a narrow linewidth
of the signal is not required, the linewidth of an otherwise narrowband input
signal can be broadened by modulation of the phase prior to amplication in
the rare-earth doped ber [33]. Other techniques involve manipulating the
acoustic properties of the ber to reduce the SBS threshold [34].
Chapter 3
Circularly symmetric beam
propagation method
Recent development in high-power Yb-doped ber ampliers have lead to sig-
nicant increases in operating power, and CW output power of a few kW has
been demonstrated [35, 36]. Although Yb-doped ber ampliers have excellent
heat dissipation properties owing to the large surface-to-volume ratio of the
ber, as we discussed in chapter 2, signicant heating of the core occurs during
high average power operation due to the quantum defect associated with the
gain medium. Previous work has investigated the heat dissipation mechanism
[12] and the eect of a specied thermal load on the transverse mode properties
of ber lasers and ampliers [10, 13], and recent publications have discussed
limiting factors for the power-scalability of ber ampliers, such as SPM in
high peak power pulsed systems [29] and TMI issues at high average power
[14, 15, 16]. Numerical studies have suggested that the latter eect is due to
either thermal or population inversion induced coupling between the FM and
a HOM of a multimode ber [37, 38].
In this chapter we present a numerical model, based on a BPM, that includes
the nonlinear interaction between the temperature distribution generated by
the signal gain and the transverse eld prole, which is inuenced by the tem-
perature induced change in refractive index. We have used this model to study
the thermo-optical eects in LMA SIF ampliers under high-power operation.
In particular, we focus on two eects related to the above mentioned scalability
limitations: The thermal lensing eect, which leads to beam self-focusing and
hence to increased SPM, and an eective multimode behavior which can occur
at high average power even in bers which are single-mode by design. Con-
trary to the investigations of Jauregui et al. [37] and Smith et al. [38], we focus
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on single-mode bers and show that the thermal eect in itself is sucient to
induce a multi-moded behavior.
Many state-of-the-art rare-earth doped ber ampliers are based on PCFs,
the simulation of which require computationally demanding full 3D BPM codes.
In order to make the calculations less demanding, we have chosen to model SIFs,
but since simple index-guiding PCFs are well approximated by an eective SIF
model, as we discussed in chapter 2, we expect our results to be applicable to
such bers as well.
The chapter is organized as follows: In section 3.1 we describe the details of
our numerical model, and discuss advantages and limitations. In section 3.2 we
present the results of our numerical investigation of the thermo-optical eect
for various ber design parameters, and discuss the implications for the design
of high-power ber ampliers.
3.1 Beam propagation method
Our BPM algorithm simulates double-clad Yb-doped SIF ampliers. Since
we will deal mainly with single-mode bers in this chapter, we can assume
that the electromagnetic eld of the signal is cylindrically symmetric. This
drastically reduces the numerical complexity of the problem and leads to a
very ecient numerical solution. This is particularly important for modeling
backward pumped ampliers, since the required initial condition for the pump
power is not known a priori in this case, and thus requires the BPM code to
be run iteratively to obtain the desired input pump power. This assumption,
however, also imposes the limitation that we cannot consider an input beam
prole which is shifted or tilted relative to the symmetry axis of the ber.
The method can be extended to handle non-symmetric cases by expanding the
azimuthal dependence of the eld in a Fourier series, which will be discussed
in chapter 4.
3.1.1 Beam propagation equation
The electric eld of the signal can be written
Es(r; t) = usEs(r; z)e
i(z !st) + c:c:; (3.1)
where us is the polarization unit vector, Es is the slowly varying envelope of
the signal eld,  is an estimate of the propagation constant of the FM and !s
is the carrier angular frequency of the signal. In the scalar approximation, the
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eld envelope Es obeys the paraxial wave equation
@Es
@z
=
i
2

@2Es
@r2
+
1
r
@Es
@r
+
 
k20 ["(r) + "(r; z)]  2

Es + 0!
2
sp

: (3.2)
The rst terms on the right hand side of Eq. (3.2) describe the propagation of
the signal eld, with vacuum wavenumber k0 = !s=c, in a ber with a relative
permittivity distribution given by ". The perturbation of this permittivity
distribution due to heating of the core is given by ". The last term describes
the eect of the Yb doping, which gives rise to an induced polarization PY b
given by a slowly varying envelope p as
PY b(r; t) = usp(r; z)e
i(z !st) + c:c: (3.3)
3.1.2 Density matrix and rate equations
We assume that the ber is cladding pumped at a wavelength of 975 nm and
that the signal wavelength is close to 1030 nm. In this case the Yb3+ ions can
be modeled as the quasi-three-level system shown in Fig. 3.1.
j1i
j3i
j2i
6
Ep
6
Es
Figure 3.1: Simplied energy level diagram for Yb3+.
The equations of motion for the slowly varying density matrix elements 
are [39]:
_11 =
i
h
 
12E

p21   c:c:

+ 2122 + 3133   1311 (3.4a)
_22 =   i
h
 
12E

p21 + 32E

s23   c:c:
  (23 + 21)22 (3.4b)
_33 =
i
h
(32E

s23   c:c:) + 2322   3133 + 1311 (3.4c)
_21 =
i
h
(12Ep (11   22) + 32Es31)  ~ 2121 (3.4d)
_23 =
i
h
(32Es (33   22) + 12Ep31)  ~ 2323 (3.4e)
_31 =
i
h
(32E

s21   12Ep23)  ~ 3131; (3.4f)
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where  are the matrix elements of the dipole moment operator, Ep is the
pump eld envelope,  are spontaneous emission rates from state  into
state  and the non-radiative transition rates are denoted  . The complex
dephasing rates ~  of the coherences are given by
~ 21 = ~21   ip (3.5a)
~ 23 = ~23   is (3.5b)
~ 31 = ~31   i2; (3.5c)
where ~ are the real dephasing rates of the coherences  , p = !p !21 is
the pump detuning, s = !s   !23 is the signal detuning and 2 = p  s
is the two-photon detuning of the pump and signal. Since the dephasing rates
~ in Eq. (3.4) are large, we can adiabatically eliminate the coherences [40],
which leads to a rate equation for the excited state population
_22 = Bp(p)jEpj2 (11   22) +Bs(s)jEsj2 (33   22)  (23 + 21)22;
(3.6)
where
Bp =
2~21j12j2
h2
 
~221 +
2
p
 and Bs = 2~23j32j2
h2 (~223 +
2
s)
: (3.7)
Analogous to the McCumber theory [41], we assume that the two lower states
remain in thermal equilibrium. Denoting the total population of the two lower
states as 1 = 11+33 and the excited state population as 2 = 22, we arrive
at a rate equation for the excited state population. In the steady-state, this
equation becomes
2(r; z) =
app(z) + ass(r; z)
(ap + ep)p(z) + (as + es)s(r; z) + 
; (3.8)
where p and s denote the pump and signal photon ux density, respectively,
and  = 21 + 23 is the total spontaneous emission rate of the excited state.
In our simplied 3-level model, the absorption and emission cross sections at
the signal wavelength, as and es, are given by
as(!s) =
e E=kBT
1 + e E=kBT
h!sBs
2"0cnc
and es(!s) =
h!sBs
2"0cnc
; (3.9)
while at the pump wavelength, the absorption and emission cross sections are
ap(!p) =
1
1 + e E=kBT
h!pBp
2"0cnc
and ep(!p) =
h!pBp
2"0cnc
: (3.10)
Here E is the energy dierence between states 1 and 3.
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The induced polarization at the signal wavelength is determined by the
coherence 23 and is given in terms of the signal eld and population inversion
as
p(r; z) =
"0ncY b(r)
k0

i+
s
~23

[as   (as + es) 2(r; z)]Es(r; z); (3.11)
where nc is the core refractive index and Y b is the density of Yb
3+ ions.
As discussed in [37], this induced polarization can lead to a change in the
refractive index which depends on the population inversion. In our simplied
model this happens when the signal is detuned from resonance (s 6= 0), and
an estimate of the magnitude of this eect when s = ~23=2 and 2 = 0:5 yields
"  10 6, which is quite small compared to the thermally induced changes
in the refractive index. We therefore ignore this eect in our calculations.
Inserting Eq. (3.11) into Eq. (3.2) and assuming jsj  ~23 yields a beam
propagation equation which includes the signal gain due to the Yb doping
@Es
@z
=
i
2

@2Es
@r2
+
1
r
@Es
@r
+
 
k20 ("+")  2

Es

+
p
"k0Y b
2
(es2   (1  2)as)Es:
(3.12)
3.1.3 Split-operator method
The signal eld can be propagated forward in z from an initial beam prole
Es(0; r) using a split-operator approach
Es(z +z; r)  exp

z
2
R^

exp

zN^

exp

z
2
R^

Es(z; r); (3.13)
where the operators R^ and N^ are given by
R^Es =
i
2

@2Es
@r2
+
1
r
@Es
@r

; (3.14)
N^Es =

 Y b
2
r
"
"eff
(as   (as + es) 2) + ik
2
0
2
("+"  "eff )

Es;
(3.15)
and "eff = 
2=k20. The exponential of the R^ operator is approximated by the
Pade approximant
exp

z
2
R^

 1 +
z
4 R^
1  z4 R^
: (3.16)
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The dierential operators are discretized using a second order nite-dierence
scheme, and a transparent boundary condition [42] is applied at the outer
surface of the ber.
The input signal beam prole is taken to be the Gaussian
Es(0; r) =
Ps(0)
"0cncw2
e r
2=w2 ; (3.17)
where w is the characteristic radius of the input beam, which is chosen to be
equal to the core radius, and Ps(0) is the input signal power.
3.1.4 Thermal nonlinearity
To calculate the relative permittivity perturbation " due to heating of the
ber under high-power operation, we solve the steady-state heat equation under
the assumption that the longitudinal temperature gradient is much smaller than
the radial temperature gradient
@2T
@r2
+
1
r
@T
@r
=  Q

: (3.18)
Here T is the temperature increase relative to the temperature of the coolant,
 is the thermal conductivity of the ber and the thermal load Q is given by
Q = Y bh (!p   !s) (s (es2   as1) + 232) ; (3.19)
where !p is the pump angular frequency. The rst term in this expression repre-
sents heat generated by non-radiative relaxation following stimulated emission
of signal photons and is the dominant heat source, whereas the last, much
smaller, term is due to non-radiative relaxation following spontaneous emis-
sion at the signal wavelength. We assume uniform ecient water cooling of the
ber and thus apply a simple Dirichlet boundary condition T = 0 at the outer
boundary when solving the heat equation. The temperature induced change
of the refractive index of the ber is given by the simple linear relationship
" = T , where the thermo-optic coecient1  = 3:5 10 5 K 1.
3.1.5 Pump propagation equation
Since we are modeling cladding pumped ber ampliers, we assume that the
pump intensity is constant over the core. We can thus model the propagation
1The thermo-optic coecient is conventionally dened as n = T . The non-standard
denition used here is more convenient in this work.
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of the pump by the simple ordinary dierential equation
dPp
dz
=  2
Acl
Pp(z)
Z Rc
0
Y b(r) [(ap + ep) 2(r; z)  ap] rdr; (3.20)
where Pp is the pump power, Acl is the area of the inner cladding and Rc is the
radius of the doped core. The positive sign applies to forward pumping whereas
the negative sign applies to backward pumping. The pump power can thus be
propagated in the z direction from its initial value Pp(0) by the equation
Pp(z +z)  Pp(z) 2
Acl
Pp(z)z
Z Rc
0
Y b [(ap + ep) 2   ap] rdr: (3.21)
The BPM algorithm can be summarized by the following steps:
1. Compute the excited state population 2 from Eq. (3.8).
2. Compute T by solving Eq. (3.18) and calculate ".
3. Propagate the signal eld one step in z by applying Eq. (3.13).
4. Propagate the pump eld one step in z by applying Eq. (3.21).
These steps are carried out until the signal has been propagated the desired
distance. In the case of backward pumping an initial guess for the initial condi-
tion of the pump power Pp(0) must be provided, and the entire BPM algorithm
is run iteratively until the desired input pump power Pp(L) is obtained. After
each run the pump initial condition Pp(0) is adjusted according to a simple
secant method [43]. With a tolerance of 1% of the desired input pump power
and a reasonable estimate of the pump initial condition, only a few iterations
of the BPM algorithm are required.
3.2 Numerical results
We have used our numerical model to investigate two important eects of the
radial thermal gradient produced in the ber under high-power operation. The
rst eect is thermal lensing, which leads to focusing of the signal beam, and the
second is the thermally induced multimode behavior of the amplier. Although
we are considering double-clad bers, we have chosen to model the bers as SIFs
without the large index contrast associated with the pump cladding, and simply
assume that the pump light is conned to a given inner cladding diameter. This
is done in order to allow any signal radiation modes to escape the computational
domain via the transparent boundary condition and thereby obtain an ideal
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picture of the guided signal eld. In actual double-clad bers, these radiation
modes would predominantly be cladding modes which can interfere with the
guided signal, but since such cladding modes are only weakly amplied due
to their small overlap with the Yb-doped core, their inuence on the guided
signal is small. In double-clad PCF ampliers, the pump light is conned by
large air holes. While it is not clear that such a structure can be adequately
approximated by a step-index model, we believe that its inuence on the guided
signal is negligible, provided that the pump cladding diameter is suciently
large to prevent a signicant overlap between the guided signal and the air
holes.
3.2.1 Thermal lensing
One of the main advantages of LMA ber ampliers is the lower intensity
of the guided mode, which allows for a higher signal power before detrimental
nonlinear eects such as SPM becomes a limiting factor. These eects are most
important in pulsed operation where the peak power is high. Although our
model assumes CW operation, we can use the model to estimate the thermal
lensing eect induced during pulsed operation at high repetition rates. We
quantify the thermal lensing eect by calculating the so-called B-integral as it
has been demonstrated to give a useful estimate of the severity of nonlinear
eects such as SPM [29]. It is given by
B =
2n2
s
Z L
0
Ps(z)
Aeff (z)
dz; (3.22)
where n2 is the nonlinear refractive index of silica, Ps is the average signal
power and Aeff is the eective area of the signal beam
Aeff (z) = 2
 R1
0
jE(z; r)j2rdr2R1
0
jE(z; r)j4rdr : (3.23)
We have simulated a 1 m long double-clad ber amplier, in the following
referred to as Fiber A, with a core diameter of 40 m, an inner cladding diam-
eter of 200 m and an outer diameter of 400 m. The core-cladding index step
is 10 4, which gives V  2:08 at the signal wavelength of 1030 nm, and the Yb
density in the core is 108 m 3. The ber is cladding pumped at 975 nm, and
we have varied the input pump power between approximately 50 W - 5 kW.
The signal input power was kept xed at 1 W, and both forward and backward
pumping was simulated. Figure 3.2 shows the pump and signal power as a
function of distance along the ber for forward and backward pumping with 1
kW input pump power and 1 W input signal power. The pump is eciently
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(a) Forward pumping (b) Backward pumping
Figure 3.2: Signal and pump power as a function of z for (a) forward pumping
and (b) backward pumping of Fiber A.
depleted due to the high Yb doping which results in a high eciency close to
the quantum limit.
Figure 3.3 shows the excited state population 2 of Yb as a function of
longitudinal and radial distance for Fiber A at 1 kW pump power. The eect
of transverse hole burning (THB) is clearly seen, especially in the backward
pumped case.
(a) Forward pumping (b) Backward pumping
Figure 3.3: Excited state population as a function of z and r for (a) forward
pumping and (b) backward pumping of Fiber A at 1 kW pump power and 1
W input signal power.
The heating of the ber occurs where the stimulated emission is largest.
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This is clearly evident from Fig. 3.4, which shows the temperature increase as
a function of z and r for Fiber A at 1 kW pump power. The heating of the core
creates a large radial thermal gradient in the ber, which leads to a thermal
lensing eect that causes the beam area to decrease, as shown in Fig. 3.5. It
is also clear from Fig. 3.4 that the temperature increase is much larger in the
backward pumped case due to the large gain near the output end of the ber.
(a) Forward pumping (b) Backward pumping
Figure 3.4: Temperature increment as a function of z and r for (a) forward
pumping and (b) backward pumping of Fiber A at 1 kW pump power and 1
W input signal power.
(a) Forward pumping (b) Backward pumping
Figure 3.5: Beam eective area as a function of z for (a) forward pumping and
(b) backward pumping of Fiber A at 1 kW pump power and 1 W input signal
power.
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As is clear from Eq. (3.22), the self-focusing of the beam results in a higher
value of the B-integral. In Fig. 3.6 we show the B-integral as a function of in-
put pump power for both forward and backward pumped congurations. The
dashed lines show the result when the thermal sensitivity  is set to zero. For
comparison, we have also simulated a ber (Fiber B), identical to Fiber A ex-
cept that the core, inner cladding and outer diameters are 80 m, 400 m and
800 m, respectively. It can be seen that as operating power on the order of 1
(a) Forward pumping (b) Backward pumping
Figure 3.6: B integral as a function of pump power for (a) forward pumping
and (b) backward pumping of Fiber A and B with 1 W input signal power.
The dashed lines show the results with the thermal sensitivity  set to zero.
kW is reached, the thermal lensing eect starts to have a signicant impact on
the beam area and hence the severity of undesirable non-linear optical eects
such as SPM, in particular for the backward pumped case, which is preferred
over the forward pumped case due to the overall lower value of the B-integral
and hence smaller impact of the aforementioned eects. Furthermore, the ther-
mal lensing eect changes the pump power dependence of the B integral from
linear to super-linear. Comparing Fiber A to Fiber B, we see that the B in-
tegral for Fiber B, when the thermal lensing eect is taken into account, can
exceed the expected B integral of Fiber A in the absence of thermal lensing,
despite the fact that Fiber B has a core area 4 times larger than Fiber A. This
occurs at a pump power of approximately 4.5 kW for forward pumping and 1
kW for backward pumping. However, it is also clear that even in the presence
of a strong thermal lensing eect, increasing the core diameter still results in a
signicant reduction of the B integral and hence the severity of SPM.
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3.2.2 Thermally induced multimode behavior
Another consequence of the thermally induced change in the refractive index
of the ber is that an otherwise single-mode ber can be rendered eectively
multimode. Such multimode behavior can have a negative impact on the output
beam quality due to an uncontrollable drift of the relative phase between the
excited modes [44]. It is also clear that the thermally induced multimode
behavior will only occur beyond a certain power threshold, since the induced
index change must be large enough to allow multiple guided modes to exist.
Furthermore, once a HOM is excited, the beating between the FM and HOM
will create a thermally induced grating in the ber. As discussed in [37, 38],
such a grating couples the two modes such that power may be transferred from
the FM to the HOM.
Here we present the results of simulations that clearly show the above men-
tioned eects. We consider a 1 m long LMA SIF (Fiber C) with core, inner
cladding and outer diameters of 80 m, 400 m and 800 m, respectively. The
index step between core and cladding is n = 3  10 5. While such a small
index step is dicult to achieve in actual SIFs, it is obtainable using PCFs.
The Yb density is 5 107 m 3 and the pump and signal wavelength are 975
nm and 1030 nm. With these parameters, the V parameter for the SIF is 2.28
and the ber is thus single-mode by design. The pump power is 5 kW and the
input signal power is 50 W. Figure 3.7 shows the signal and pump power as a
function of z for both forward and backward pumping. The lower Yb density
compared to the simulations of Fiber A and B in section 3.2.1 reduces the ef-
ciency of the amplier. We also note the presence of small oscillations of the
signal power near the output, which are likely due to excitation of radiation
modes.
Considering the eective area of the beam as a function of z shown in
Fig. 3.8, we observe strong oscillations of the eective area, which would not
occur if the signal was guided by a single mode and which therefore are a
direct consequence of thermally induced multimode behavior. These oscilla-
tions are also seen in the temperature, shown in Fig. 3.9, and the excited state
population, shown in Fig. 3.10.
To provide additional insight into the nature of these oscillations, we decom-
pose the signal eld in local modes at each z position by solving the eigenvalue
problem
@2	
@r2
+
1
r
@	
@r
+ k20 ["(r) + "(r; z)]	(r; z) = 
2(z)	(r; z); (3.24)
and computing the overlap between the normalized modes 	 and the signal
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(a) Forward pumping (b) Backward pumping
Figure 3.7: Signal and pump power as a function of z for (a) forward pumping
and (b) backward pumping of Fiber C.
(a) Forward pumping (b) Backward pumping
Figure 3.8: Beam eective area as a function of z for (a) forward pumping and
(b) backward pumping of Fiber C at 5 kW pump power and 50 W input signal
power.
eld. This overlap is given by
ai(z) = h	ijEsi; (3.25)
where the inner product is dened as
h	ji =
Z 1
0
	(r)(r)rdr: (3.26)
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(a) Forward pumping (b) Backward pumping
Figure 3.9: Temperature increment as a function of z and r for (a) forward
pumping and (b) backward pumping of Fiber C at 5 kW pump power and 50
W input signal power.
(a) Forward pumping (b) Backward pumping
Figure 3.10: Excited state population as a function of z and r for (a) forward
pumping and (b) backward pumping of Fiber C at 5 kW pump power and 50
W input signal power.
The radial proles of the local modes at a given distance along Fiber C are
calculated numerically from Eq. (3.24) using the thermally perturbed refractive
index proles, examples of which are shown in Fig. 3.11. The initial (z = 0
m) mode proles, plotted in Fig. 3.12, clearly show that several guided modes
are present at the signal input. The launched signal can thus excite these
local HOMs and the ber is eectively multimode. The number of guided local
modes may of course vary along the z axis as the temperature prole, and
thus the refractive index perturbation, changes. Since our model is limited to
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cylindrically symmetric elds, we do not consider non-symmetric local modes,
although such modes would certainly be expected to become guided under the
present conditions. For comparison, we also plot the local mode proles at the
output end (z = 1 m) of the ber in Fig. 3.13. In the backward pumped case,
the modes are more strongly conned due to the strong thermal lensing eect
compared to the forward pumped case.
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Figure 3.11: Thermally perturbed refractive index proles at various z for (a)
forward pumping and (b) backward pumping of Fiber C at 5 kW pump power
and 50 W input signal power.
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Figure 3.12: Initial (z = 0) local modes for (a) forward pumping and (b)
backward pumping of Fiber C at 5 kW pump power and 50 W input signal
power.
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Figure 3.13: Final (z = 1 m) local modes for (a) forward pumping and (b)
backward pumping of Fiber C at 5 kW pump power and 50 W input signal
power.
The local mode content Ai(z) of the signal eld is then dened to be
Ai(z) =
jai(z)j2
hEsjEsi (3.27)
and is plotted in Fig. 3.14. It is clear that in both the forward and backward
pumped congurations, the input signal excites a small amount of the rst local
HOM. The beating of these two modes creates the oscillations seen in the beam
eective area shown in Fig. 3.8, and the associated intensity variation leads
to the periodic variation of the population inversion seen in Fig. 3.10. Since
the thermal load, given by Eq. (3.19), also depends on the signal intensity
and population inversion, the temperature also exhibits a periodic variation
as seen in Fig. 3.9. This temperature variation results in an index grating
with a local period that matches the local beat length of the two local modes,
and therefore provides coupling between the local modes. As is evident from
Fig. 3.14, this leads to transfer of power from the local FM to the HOM. It is
possible that this eective multimode behavior of the ber amplier under high-
power operation can cause signicant degradation of the output beam quality,
since uncontrollable external perturbations such as temperature uctuations
and mechanical vibrations could conceivably change the relative phase of the
local modes leading to signicant changes in the output beam, as discussed in
[44]. However, the HOM content at the output is still modest, and the eect
occurs only at very high power, whereas the TMI threshold powers reported in
[16] are considerable lower.
It is argued in [38] that the thermally induced refractive index grating,
caused by mode beating in a multimode ber, cannot lead to coherent power
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(a) Forward pumping (b) Backward pumping
Figure 3.14: Local mode content as a function of z for (a) forward pumping
and (b) backward pumping of Fiber C at 5 kW pump power and 50 W input
signal power.
transfer between two modes in a steady-state model of the thermal eect. The
argument hinges on the left/right mirror symmetry of the mode interference
pattern and the induced refractive index grating, and claims that a phase lag,
which can be caused by the non-zero thermal diusion time, is required to allow
power transfer between the modes. Considering this argument, it is surprising
that power transfer between the local modes in our model is observed, since our
model is a steady-state model. While the argument presented in [38] is correct,
we note that it does not strictly apply to the situation we are considering here.
This is because the temperature changes signicantly over a short distance,
as is evident from Fig. 3.9, and hence the local modes and their associated
propagation constants change signicantly over a short distance, as can be
seen by comparing Fig. 3.12 and Fig. 3.13. This causes the periodicity of
the induced refractive index grating to vary with z, and therefore breaks the
left/right mirror symmetry which is the core of the argument in [38]. Power
transfer between the local modes of the ber thus cannot be ruled out at
high operating power, even with a steady-state model, and indeed the results
presented in Fig. 3.14 clearly show power transfer from the local FM to the
rst local HOM.
To investigate the impact of gain saturation and pump depletion on the ef-
fective multimode behavior, we have simulated a ber amplier (Fiber D) with
the same design as Fiber C, except that the Yb density is increased to 108 m 3
and the length of the ber is increased to 1.5 m. The input pump and signal
power is 2000 W and 50 W, respectively. As can be seen from the plots of the
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signal and pump power, shown in Fig. 3.15, the pump is completely depleted
in both the forward and backward pumped cases. An interesting observation is
(a) Forward pumping (b) Backward pumping
Figure 3.15: Signal and pump power as a function of z for (a) forward pumping
and (b) backward pumping of Fiber D.
that the signal power decreases signicantly beyond 1 m in the forward pumped
case. To understand the mechanism responsible for this decrease, we again con-
sider the decomposition of the signal eld into local modes, shown in Fig. 3.16,
and the temperature distribution of the ber, shown in Fig. 3.17. It is clear
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Figure 3.16: Local mode content as a function of z for (a) forward pumping
and (b) backward pumping of Fiber D at 2 kW pump power and 50 W input
signal power.
that the rst local HOM is strongly excited in the forward pumped case, but
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(a) Forward pumping (b) Backward pumping
Figure 3.17: Temperature increment as a function of z and r for (a) forward
pumping and (b) backward pumping of Fiber D at 2 kW pump power and 50
W input signal power.
also that the signal gradually returns to the FM beyond 1 m, which coincides
with the decrease in signal power and temperature. Recalling that we have
employed a transparent boundary condition in our algorithm and considering
the denition of the local mode content given in Eq. (3.27), it is clear that
the reason for the loss of signal power is due to the fact that the local HOM
evolves from a guided mode into a radiation mode as the radial temperature
gradient decreases. The local HOM content of the signal is thus lost beyond 1
m. Another source of the loss of signal power beyond 1 m is of course sponta-
neous emission from the excited state of the Yb3+ ions. However, this loss is
quite small due to the relatively long lifetime of the excited state. It has been
veried that the signal power loss is dominated by the evolution of the local
HOM from guided to non-guided by simulating Fiber D without the thermal
eect, which shows negligible signal power loss.
In the backward pumped conguration, there is practically no thermal gra-
dient at the signal input, since the pump is depleted, and hence there is only one
guided local mode, with HOMs being non-guided. The signal is thus coupled
into this single guided mode, and consequently no beating pattern is created.
As the temperature gradient increases along with the signal power, multiple
guided local modes appear, but the signal is seen to adiabatically follow the
local FM, with only negligible excitation of HOMs. Ideally, the output beam
quality should thus be comparable to a true single-mode ber in this case.
Finally, we have investigated the power dependence of the eective multi-
mode behavior by calculating the local mode content at the output of Fiber C
for varying input pump and signal power in a forward pumped conguration.
46 Circularly symmetric beam propagation method
The pump power is varied from 100 W to 5 kW, with an input signal power of
1% of the pump power. The results are shown in Fig. 3.18 which shows the local
HOM content at the output as a function of pump power. We nd that the rst
(a) Linear scale (b) Log scale
Figure 3.18: Local mode content at the output as a function of pump power
for Fiber C on (a) linear scale and (b) log scale.
local HOM content increases at pump powers greater than 2 kW, with a corre-
sponding input signal power of 20 W. Beam instability issues in large core ber
ampliers have been reported to occur at power levels from a few hundred W
to around 1 kW average power [14, 16]. These bers are, however, not strictly
single-mode, which can lead to thermally induced coupling between the FM
and HOMs, as discussed in [37, 38], without the need for a suciently strong
thermal eect to create eective multimode behavior. Furthermore, our model
can only describe symmetric local modes, and we expect that non-symmetric
local modes become guided at much lower power. Our results thus show that
even under the idealized conditions of true single-mode ber design and a per-
fectly symmetric input signal beam prole, which prevents excitation of any
asymmetric higher-order local modes, the output signal can be contaminated
by HOMs at suciently high operating power.
3.3 Conclusion
We have developed a BPM model of high-power Yb-doped ber ampliers.
The heating of the ber due to the quantum defect associated with the gain
medium, as well as THB, is taken fully into account. The model is limited to
circularly symmetric signal elds, leading to a very fast implementation that
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permits ecient simulation of backward pumped ampliers, but at the cost
of generality of the model. The model was used to study the thermo-optical
eects in LMA single-mode ampliers, and it was found that the large radial
temperature gradient results in a thermal lensing eect, which signicantly
decreases the eective area of the beam, leading to higher peak intensity and
thereby increased nonlinear eects. Furthermore, it was found that the thermal
eect can become large enough to induce an eective multimode behavior in
nominally single-mode bers, which was quantied by decomposing the signal
beam prole into local modes. If a local HOM is excited at the signal input, the
mode beating between the local FM and HOM can set up a periodic longitudinal
temperature variation, leading to a refractive index grating which can transfer
power from the FM to the HOM. As discussed in [44], the excitation of HOMs
may be detrimental to the output beam quality, and ber amplier designs
should seek to avoid such behavior. Our results show that it is possible to reduce
the thermally induced local HOM content in nominally single-mode bers if
the thermal load is weak enough at the signal input. This may be possible
to achieve in backward pumped ber ampliers with sucient length and Yb
doping to eectively absorb the pump. Our results also indicate that as the
thermal eect diminishes due to gain saturation in a forward pumped amplier,
any signal power contained in a local HOM will remain in that mode as it
turns into a non-guided mode. Finally, we investigated the power dependence
of the thermally-induced multimode behavior and found that the local HOM
content increases with operating power beyond a certain threshold power. This
threshold power is, however, signicantly above what is found experimentally.
Since our model is limited to circularly symmetric elds, we cannot investigate
a situation in which the input beam prole is shifted or tilted relative to the
symmetry axis of the ber, which could lead to excitation of asymmetric local
HOMs. We therefore expect the threshold power obtained by our model to be
an upper threshold, applicable under idealized conditions in which no excitation
of asymmetric local HOMs occurs. Furthermore, our model assumes a steady-
state behavior of the thermal nonlinearity, which may not be appropriate.
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Chapter 4
Fourier expansion beam
propagation method
The BPM algorithm presented in chapter 3 is limited in its applicability due to
the central assumption of a circularly symmetric electric eld. This prevented
the investigation of the interaction between the FM and any non-symmetric
HOMs. Since multimode bers can guide non-symmetric modes, an adequate
description of eld propagation in such bers requires an algorithm which does
not impose circular symmetry on the electric eld. Furthermore, it was shown
that the thermo-optic eect can be strong enough to render nominally single-
mode bers eectively multimode, which will introduce non-symmetric guided
local modes, and the circularly symmetric BPM algorithm is not sucient to
fully describe even single-mode bers at high gain.
A simple way to remove the limitation of circular symmetry is to formu-
late the BPM algorithm in full 3D by discretizing the transverse prole of the
relevant quantities on a 2D grid. Such codes are, however, numerically quite
intensive [37], and it is therefore highly desirable to seek a more ecient for-
mulation of the problem.
In this chapter, we shall formulate a BPM algorithm which takes the az-
imuthal dependence of the eld into account in an ecient way by a Fourier
expansion. This leads to an algorithm that is 3D, yet still numerically ecient.
This code has been used to consider propagation through a slightly multimode
ber with parameters comparable to realistic experimental conditions under
which TMI has been observed.
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4.1 Numerical method
4.1.1 Beam propagation equation
As in chapter 3, we write the electric eld of the signal in terms of a slowly
varying eld E
E(r; t) = usE(r)e
i(z !st) + c:c:; (4.1)
where, as in chapter 3, us is the polarization unit vector, !s is the carrier
angular frequency of the eld and  is an estimate of the propagation constant
of the FM. We impose no restrictions on the spatial dependence of E, but
do restrict ourselves to considering circularly symmetric bers, such that the
relative permittivity depends only on the radial coordinate r. In the scalar
approximation, the slowly varying electric eld E obeys the beam propagation
equation
@E
@z
=
i
2
r2?E(r) +  k20 ["(r) + "(r)]  2E(r) + 0!2sp(r) ; (4.2)
where k0 = !s=c, " is the perturbation of the relative permittivity due to
changes in temperature and p is the slowly varying polarization due to the Yb
dopants.
We now take advantage of the fact that we are considering circularly sym-
metric bers by expressing the azimuthal dependence of the slowly varying
electric eld and polarization in a truncated Fourier series
E(r) =
MX
m= M
Em(r; z)e
im; p(r) =
MX
m= M
pm(r; z)e
im: (4.3)
The perturbation " is expanded in a similar fashion
"(r) =
2MX
m= 2M
"m(r; z)e
im; (4.4)
where the Fourier series is truncated at jmj = 2M to be consistent with the
truncation of the Fourier series for the electric eld. Inserting Eqs. (4.3) and
(4.4) into Eq. (4.2) yields a set of 2M+1 dierential equations for each Fourier
component En(r; z)
@En
@z
=
i
2

@2En
@r2
+
1
r
@En
@r
+

k20"(r)  2  
n2
r2

En(r; z)
+ k20
MX
m= M
"n m(r; z)Em(r; z) + 0!2spn(r; z)

:
(4.5)
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The polarization p(r) induced by the interaction between the Yb ions and the
signal and pump light is determined by the steady-state solution to the density
matrix equations given by Eq. (3.4). The excited state population 2(r) is
expanded in the Fourier series
2(r) =
2MX
m= 2M
2;m(r; z)e
im; (4.6)
which leads to a set of 4M +1 linear equations for the 4M +1 Fourier compo-
nents
(p (ap + ep) + ) 2;n +
2"0cnc
h!s
(as + es)
2MX
m= 2M
2;m
MX
l= M
El El+n m =
2"0cnc
h!s
as
MX
m= M
EmEm+n +papn;0: (4.7)
The Fourier components of the induced polarization due to the Yb ions are
then given by
pn =
"0ncY b
k0

i+
s
~23
 
asEn   (es + as)
MX
m= M
Em2;n m
!
; (4.8)
which is inserted into Eq. (4.5). As in chapter 3, the signal eld is propagated
forward in z using the split-operator approach
En(z +z; r)  exp

z
2
R^

exp

zN^

exp

z
2
R^

En(z; r); (4.9)
where the operators R^ and N^ are given by
R^En =
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(4.10b)
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The exponential of the R^ operator is approximated by the Pade approximant
exp

z
2
R^

 1 +
z
4 R^
1  z4 R^
: (4.11)
The N^ operator is split into a \diagonal" part D^ and a \coupling" part C^ such
that N^ = D^ + C^, where the diagonal operator is given by
D^En =  Y bnck0
2

1  is
~23

asEn +
i
2
 
"k20   2

En; (4.12)
and the coupling operator is given by
C^En =
Y bnck0
2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We then approximate the exponential of the N^ operator by
exp

zN^

 exp

zD^

1 + zC^

: (4.14)
4.1.2 Input signal eld
We assume that the input signal eld at z = 0 has a Gaussian prole which is
shifted along the x axis relative to the center of the ber, and with a propa-
gation direction which is tilted around the y axis relative to the z axis of the
ber. The input signal eld prole is then given by
E(x; y) = E0 exp
 
  (x  x0)
2
cos2  + y2
w2
!
exp (ik0 (x  x0) sin ) (4.15)
where x0 is the x coordinate of the center of the beam prole and  is the tilt
angle of the propagation direction relative to the z axis. To rst order in  we
have
E  exp

 r
2 + x20
w2
  ik0x0 sin 

exp

2x0r
w2
+ ik0r sin 

cos

; (4.16)
and using the identity
eu cos =
1X
m= 1
Im(u)e
im; (4.17)
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where In is the modied Bessel function of the rst kind, we obtain the Fourier
expansion for the input signal eld
En(r; 0)  E0 exp

 r
2 + x20
w2
  ik0x0 sin 

In

2x0
w2
+ ik0 sin 

r

: (4.18)
4.1.3 Thermal nonlinearity
To calculate the thermal prole at a given z, we solve the steady-state heat
equation
r2?T (r) =  
Q

(4.19)
subject to the Dirichlet boundary condition T (R) = 0. Expanding the tem-
perature increment T (r) and the thermal load Q(r) in a Fourier series
T (r) =
2MX
m= 2M
Tm(r; z)e
im; Q(r) =
2MX
m= 2M
Qm(r; z)e
im (4.20)
yields the set of 4M +1 dierential equations for the Fourier components Tn
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  n
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Tn(r; z) =  Qn(r; z)

: (4.21)
The thermal load Q is given by Eq. (3.19), which can be rewritten using the
steady-state equation for the excited state population 2 into
Q(r) = Y bh (!p   !s) (p (ap   (ep + ap) 2)  212) : (4.22)
Inserting Fourier expansions for the relevant quantities yields the Fourier com-
ponents of the thermal load
Qn(r; z) = Y bh (!p   !s) (p (apn;0   (ep + ap) 2;n)  212;n) : (4.23)
The set of equations given by Eq. (4.21) are solved by a standard nite-
dierence discretization of the dierential operators, and the refractive index
perturbation is found from the relation " = T .
4.1.4 Pump propagation equation
As in chapter 3, we assume that the pump intensity is uniform over the core
and model the propagation of the pump by the simple ordinary dierential
equation
dPp
dz
=  1
Acl
Pp(z)
Z 2
0
Z Rc
0
Y b(r) (ep2(r)  ap1(r)) rdrd: (4.24)
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Inserting the Fourier expansion for 2 and using 1 + 2 = 1 yields
dPp
dz
=  2
Acl
Pp(z)
Z Rc
0
Y b(r) [(ap + ep) 2;0(r; z)  ap] rdr; (4.25)
which is easily propagated in the z direction from the initial value Pp(0).
The entire BPM algorithm proceeds exactly as described in chapter 3. Since
we are interested in simulating only slightly multimode bers, we need only
include the rst few terms in the Fourier expansions, because a ber with a
low V parameter does not guide modes with high values of m. This is the great
advantage of the Fourier expansion formulation of the BPM algorithm over the
simpler cartesian grid formulation used in e.g. [37].
4.2 Numerical results
The numerical model described in section 4.1 has been used to study the inter-
action between the FM and HOMs in a slightly multimode LMA ber. While
it is in principle possible to manufacture single-mode PCFs with very large
cores, the extremely low NA of such bers renders them impractical due to
their extreme sensitivity to bending loss and longitudinal inhomogeneities [45].
A very low NA also makes coupling light into the core very dicult. For these
reasons, LMA bers are often designed with a slightly higher NA, but as a
consequence the bers are then no longer strictly single-mode.
The simulated ber, in the following referred to as Fiber E, is a double-clad
SIF with a core diameter of 80 m, an inner cladding diameter of 270 m and
an outer diameter of 800 m. The core index nc = 1:45 and the cladding index
ncl = 1:4499, which gives V  4:16 at the signal wavelength s = 1030 nm.
The Yb density in the core is Y b = 3 107 m 3 and the ber is pumped at
975 nm with a pump power of 1 kW. Both forward and backward pumping has
been simulated. The simulated ber is comparable to typical rod-type bers,
which are known to be susceptible to TMI at operating powers much lower
than what is simulated here [46].
10 W of signal power is launched into the ber with the Gaussian prole
given by Eq. (4.15). The spot radius w = 40 m, the beam displacement x0 = 0
and the beam tilt  = 0:1. This small beam tilt results in a small excitation
of the cosine LP11 mode, and we can thus study the interaction between the
FM and this HOM.
As in chapter 3, we decompose the signal eld in a set of local modes for
each z position. Since we no longer consider circularly symmetric elds, we
encounter the added complication that the thermal permittivity perturbation
" is no longer circularly symmetric. Strictly speaking, the local modes of the
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ber, as dened by the eigenvalue equation
r2?	+ k20 ["(r) + "(r?; z)]	(r?; z) = (z)2	(r?; z); (4.26)
can no longer be written as a product of a function of the radial coordinate
r and a function of the azimuthal angle . To overcome this diculty, we
calculate the local modes using a  averaged value of ". Using the Fourier
expansion of ", the approximate local modes are then calculated by solving
the eigenvalue equation
r2?	+ k20 ["(r) + "0(r; z)] 	(r?; z) = (z)2	(r?; z); (4.27)
which results in local modes that can be written as
	m(r; ; z) = Rm(r; z) cos (m) : (4.28)
Here, Rm is the radial function of the local mode 	m, and only the cosine
modes are included due to the symmetry of the input signal eld.
4.2.1 Forward pumping
We consider rst forward pumping of Fiber E. The signal and pump power as
a function of z and the local mode content Ai of the signal as a function of z
is plotted in Fig. 4.1.
From the plot of the signal and pump power in Fig. 4.1a we see that the
pump is not completely absorbed at the signal output, which reduces the e-
ciency of the amplier. A longer piece of ber is required to fully absorb the
pump, but rod-type bers such as the one simulated here are usually not much
longer than about 1 m due to their sensitivity to bending loss.
The plot of the local mode content, shown in Fig. 4.1b, shows that the small
tilt of the input signal beam leads to about 4% excitation of the local LP11
mode. In addition, 2% of the signal power is coupled into the local LP02 mode.
The rest of the input power is found in the local FM, with only negligible
contributions from other modes. As the signal power grows, the HOM content
is seen to oscillate with z, especially for the LP11 local mode. This is most
likely due to the fact that the mode decomposition is done with respect to the
approximate local modes discussed above, rather than the true local modes.
From the plot we also see that the z averaged HOM content decreases with
increasing signal power. This is due to preferential gain of the FM. We thus
see no sign of TMI, even at the very high operating power simulated here.
A plot of the amplitude of the signal electric eld, normalized to the peak
value of the input signal eld, in the xz and yz planes is shown in Fig. 4.2. As
discussed above, the input signal beam propagation axis is tilted about the y
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Figure 4.1: (a) Signal (blue curve) and pump (green curve) power for forward
pumping of Fiber E as a function of z, and (b) local mode content of the rst
m = 1 local mode (blue curve) and the second m = 0 local mode (green curve)
as a function of z.
(a) xz plane (b) yz plane
Figure 4.2: Normalized amplitude of the signal eld in the (a) xz plane and
the (b) yz plane for forward pumping of Fiber E.
axis, and therefore only the cosine LP11 local mode is excited. Consequently,
the beating between the FM and LP11 cannot be seen in the plot of the yz
plane, since the cosine LP11 mode has a node in this plane. On the other
hand, the signal eld in the xz plane, shown in Fig. 4.2a, clearly shows the
eect of the beating between the LP01 and LP11 modes, which results in the
zigzag motion of the eld amplitude. Even with the preferential gain of the
FM, which reduces the LP11 mode content to less than 2% at the output, the
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mode beating is still visible. Close inspection of the signal eld amplitude in
the yz plane, shown in Fig. 4.2b, reveals the eect of mode beating between the
local LP01 and LP02 modes. The beat length is shorter compared to the beat
length of the LP01-LP11 beating, which is due to the larger dierence in mode
eective index. The LP01-LP02 beating is also visible upon close inspection in
the xz plane, superimposed on the stronger LP01-LP11 beat pattern.
As in the circularly symmetric cases considered in chapter 3, the beat pat-
tern of the signal eld leads to a corresponding pattern in the temperature of
the ber. This is shown in Fig. 4.3 for the xz and yz planes. As expected,
(a) xz plane (b) yz plane
Figure 4.3: Temperature variation T in the (a) xz plane and the (b) yz plane
for forward pumping of Fiber E.
the temperature pattern mirrors the mode beating pattern of the signal eld.
Since we are considering a steady-state situation with a monochromatic eld,
the temperature pattern, and hence the refractive index perturbation, is in
phase with the signal beat pattern. The long beat length of the signal also
justies the approximation of neglecting the longitudinal heat ow when cal-
culating the temperature variation.
The mode beating also leads to a spatially varying excited state population,
which is shown in Fig. 4.4. By comparison with Fig. 4.2, we see that where the
signal amplitude is large, the excited state population is reduced, which creates
a THB pattern that mirrors the signal amplitude, in addition to the overall
THB of the population inversion. By considering the expression for the heat
load Q given in Eq. (3.19), we see that this THB pattern counteracts the mode
beating pattern of the signal, which results in a weaker temperature pattern
than if the population inversion was xed. However, as is clearly evident from
Fig. 4.3, this eect is not strong enough to remove the temperature pattern.
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(a) xz plane (b) yz plane
Figure 4.4: Excited state population 2 in the (a) xz plane and the (b) yz
plane for forward pumping of Fiber E.
4.2.2 Backward pumping
In chapter 3 we discussed how a strong longitudinal temperature gradient may
lead to a transfer of power between the local FM and HOM. This longitudinal
temperature gradient is typically larger in backward pumped ampliers, which
is also the preferred pumping scheme. For this reason, we simulate backward
pumping of Fiber E to see if this pumping conguration results in a transfer of
power to a HOM.
The pump and signal power as well as the local mode content of the signal
as a function of z is plotted in Fig. 4.5. The plot of the signal and pump power
in Fig. 4.5a shows a more rapid increase of signal power with z compared to the
forward pumped case. This should result in a greater longitudinal temperature
gradient compared to the forward pumped case. From the plot of the local
HOM content we see that 4% of the signal power is coupled into the local LP11
mode and slightly less than 2% is coupled into the local LP02 mode at the signal
input, which is the same as in the forward pumped case. The preferential gain
of the FM again leads to a decreasing local HOM content with z, and we see
no sign of any nonlinear power transfer between the FM and the HOMs.
The normalized signal amplitude in both the xz and yz planes is plotted in
Fig. 4.6. As in the forward pumped case, we see the beat pattern from the LP01-
LP11 mode beating clearly in the xz plane with the weaker LP01-LP02 beating
superimposed. As mentioned above, the signal intensity increases rapidly over
a shorter distance compared to the forward pumped case, which tends to break
the periodicity of the mode beating pattern.
The resulting temperature variation in the xz and yz planes of the ber
is shown in Fig. 4.7. Compared to the forward pumped case, the peak tem-
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Figure 4.5: (a) Signal (blue curve) and pump (green curve) power for backward
pumping of Fiber E as a function of z, and (b) local mode content of the rst
m = 1 local mode (blue curve) and the second m = 0 local mode (green curve)
as a function of z.
(a) xz plane (b) yz plane
Figure 4.6: Normalized amplitude of the signal eld in the (a) xz plane and
the (b) yz plane for backward pumping of Fiber E.
perature increment is almost twice as large for the backward pumped case.
The larger depth of the resulting refractive index perturbation is apparently
insucient to cause a transfer of power from the FM to the HOMs.
Finally, we compare the spatial variation of the excited state population to
the forward pumped case. It is plotted in both the xz and yz planes in Fig. 4.8.
Compared to the forward pumped case, we note that the gain saturation is more
evenly distributed along the length of the ber, but otherwise displays similar
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(a) xz plane (b) yz plane
Figure 4.7: Temperature variation T in the (a) xz plane and the (b) yz plane
for backward pumping of Fiber E.
features.
(a) xz plane (b) yz plane
Figure 4.8: Excited state population 2 in the (a) xz plane and the (b) yz
plane for backward pumping of Fiber E.
4.3 Conclusion
The 2D BPM algorithm developed in chapter 3 has been extended to a 3D
model by expanding the azimuthal dependence of the dynamical variables in
a Fourier series. For slightly multimode bers, only the rst few terms in the
series are required for an accurate representation, since the ber does not guide
modes with a high value of m. This fact makes the Fourier expansion BPM
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algorithm numerically very ecient.
The analysis of the signal eld by a decomposition into local modes was
facilitated by calculating approximate local modes, based on a  averaged value
of the relative permittivity perturbation. This allowed the approximate local
modes to be separable into a radial and an azimuthal part, which made the
comparison with modes of a SIF easy.
Applying the method to a slightly multimode LMA rod-type ber operat-
ing at very high average power, we found no sign of TMI in either forward
or backward pumped operation. The ber parameters were chosen to be rep-
resentative of typical LMA ber ampliers for which TMI has been observed
experimentally at much lower average operating power than was simulated.
The numerical results by Jauregui et al. [37] showed an ecient transfer of
power from the FM to the HOM at much lower operating power than was
simulated here, using a very similar 3D BPM approach, but these results were
later retracted as a result of a too coarse longitudinal discretization [47]. Our
results thus indicate that a steady-state model of the thermal nonlinearity can-
not adequately explain the phenomenon of TMI, and that a dynamical model,
which takes the nite response time of the thermal nonlinearity into account,
is required, as suggested by Smith and Smith [38].
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Chapter 5
Semi-analytic model of
transverse mode instability
In the previous two chapters, the results of a BPM model of the thermal nonlin-
ear eects in LMA ber ampliers were discussed. However, this model failed
to provide an adequate description of the recently observed phenomenon of
TMI, as the simulated operating power under which any signicant transfer of
power between modes occurred, was much higher than what has been observed
experimentally [16]. As pointed out in [38], the reason for the ineciency of
the mode coupling in the model is most likely due to the assumption of steady-
state behavior of the thermal nonlinearity. Using a BPM model which included
the temporal dynamics of the thermal nonlinearity, the authors were able to
show an ecient thermally induced transfer of power from the FM to a HOM
of the simulated ber, provided that the HOM was seeded with a small amount
of light which was redshifted a few kHz relative to the light in the FM. This
redshift causes the mode beating pattern to move along the ber. The ther-
mally induced index grating also moves along the ber, but since the thermal
response time is nite, the index grating lags behind the mode beating pattern,
which permits ecient coupling between the two modes.
While the presence of a slightly redshifted frequency component in a HOM
was thus shown in [38] to lead to TMI, no denite conclusion was drawn as to
the origin of this seeding. The unintentional coupling of a small fraction of the
signal into a HOM at the input of a multimode ber amplier is unavoidable
in practice, but it was not clear in [38] what the cause of the small redshift
could be in reality. This redshift is essential, since without it the mode beating
pattern would be stationary, and no phase-lag would exist between it and the
thermally induced index grating. Furthermore, a BPM model which includes
64 Semi-analytic model of transverse mode instability
the temporal dynamics of the problem is numerically very demanding, and it
is therefore of considerable interest to seek a simplied model of the problem,
which nonetheless captures the essential physics of TMI.
In this chapter, we shall consider a semi-analytic coupled-mode model of
TMI and show how the seeding required to initiate the instability may arise
from quantum noise. By applying the mode to various SIF designs, we shall
study how the TMI threshold power depends on various ber design parame-
ters. We shall also discuss how the model can be applied to PCF designs.
5.1 Coupled-mode equations
We assume that the electric eld in the scalar approximation can be written as a
superposition of two normalized modes  1(x; y) and  2(x; y) with propagation
constants 1, 2 and angular frequencies !1, !2
E = a1(z) 1e
i(1z !1t) + a2(z) 2ei(2z !2t) + c:c:; (5.1)
where  1 is the FM,  2 is the HOM and ai are the slowly varying complex mode
amplitudes. This eld expansion is inserted into the scalar wave equation
@2E
@z2
+r2?E(r; t) 
"(r; t)
c2
@2E
@t2
= 0; (5.2)
where the relative permittivity is given by
"(r; t) = "f (r?)  i
g(r)
p
"f
k
+"(r; t): (5.3)
Here "f is the real relative permittivity of the ber, g is the bulk gain coecient
due to the rare-earth doping, k is the vacuum wavenumber, taken to be the
same for both eld components, and the subscript ? denotes the transverse
coordinates x; y. " = T is the thermally induced perturbation, where T
is the increase in temperature relative to a given reference temperature, which
is typically the temperature of the cooling uid, and  is the thermo-optic
coecient of the ber material.
Our goal is to obtain coupled-mode equations for the mode amplitudes
ai(z). To obtain the coupling coecients, we need to calculate the perturbation
" and therefore consider the heat equation under the assumption of a slow
longitudinal variation of the temperature
C
@T
@t
  r2?T (r; t) = Q(r; t); (5.4)
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where  is the density, C is the specic heat capacity and  is the thermal
conductivity of the ber material. The heat load Q is related to the intensity
I by
Q(r; t) =

s
p
  1

g(r)I(r; t); (5.5)
where s and p are the signal and pump wavelengths, respectively. Inserting
the eld expansion given by Eq. (5.1), the intensity reads
I(r; t) = 2
p
"f"0c

ja1j2  21 + ja2j2  22
+ a1a

2 1 2e
i(z !t) + a1a2 1 2e
 i(z !t)

;
(5.6)
where  = 1   2 is the dierence in the propagation constants and ! =
!1   !2 is the dierence in angular frequency.
Fourier transforming Eq. (5.4) with respect to time yields
r2?~T (r; !)  q(!) ~T (r; !) =  
~Q(r; !)

; (5.7)
where q = iC!=. This equation can be solved by the appropriate Green's
function [48]:
 ~T (r; !) =
1

ZZ
G[r?; r0?; q(!)] ~Q(r
0; !)d2r0?: (5.8)
The Green's function G(r?; r0?; !) satises the dierential equation
r2?G(r?; r0?; !)  q(!)G(r?; r0?; !) =  (r?   r0?); (5.9)
where the transverse Laplacian is taken with respect to the unprimed coordi-
nates. As boundary condition for T , we assume the simple Dirichlet boundary
condition T = 0 at the ber surface, which should be a reasonable boundary
condition for the case of eciently water-cooled ampliers.
Fourier transforming Eq. (5.5) with respect to time, we can obtain  ~T from
Eq. (5.8). Inverting the Fourier transform then yields T (r; t), which gives the
permittivity perturbation
"(r; t) = "0(r) + "+(r)e
i(z !t) +" (r)e i(z !t); (5.10)
where the static part of the perturbation is given by
"0 =
2nc"0cg


s
p
  1

ja1j2
ZZ

d
G(r?; r0?; 0) 1(r
0)2d2r0?
+ ja2j2
ZZ

d
G(r?; r0?; 0) 2(r
0)2d2r0?
 (5.11)
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and the dynamic part is given by
"+ =
2nc"0cg


s
p
  1

a1a

2
ZZ

d
G(r?; r0?; !) 1(r0?) 2(r0?)d2r0?
(5.12)
"  =
2nc"0cg


s
p
  1

a1a2
ZZ

d
G(r?; r0?;!) 1(r
0
?) 2(r
0
?)d
2r0?
(5.13)
In the calculation of " we have assumed that the transverse prole of the
gain coecient g is uniform on the domain 
d, and zero outside. We are thus
ignoring any eects of THB here. As we saw in chapter 3 and 4, THB can
be quite severe in ber ampliers, so ignoring it's eect can be a rather crude
approximation. On the other hand, THB is not believed to be the cause of TMI,
and since our purpose is to formulate a simplied description of this eect, we
shall ignore any eects that are not crucial to understanding the fundamental
dynamics of TMI. Note, however, that we allow g to have a slow z dependence,
which may be inherent to the ber or due to saturation of the gain. We have
also assumed that the refractive index of the ber has the constant value nc on

d, which is the case for SIFs and most PCFs.
Inserting Eq. (5.10) into the wave equation, we can derive a set of coupled-
mode equations for the mode amplitudes
da1
dz
= iC1

A11 ja1j2 +A12 ja2j2 +B12 ja2j2

a1 +
 1
2
ga1; (5.14a)
da2
dz
= iC2

A22 ja2j2 +A21 ja1j2 +B21 ja1j2

a2 +
 2
2
ga2; (5.14b)
where
Ci =
nc"0ck
2g
i

s
p
  1

; (5.15)
and the coupling coecients are given by
Aij =
ZZ
 i(r?)2
ZZ

d
G(r?; r0?; 0) j(r
0
?)d
2r0?d
2r? (5.16)
B21 =
ZZ
 2(r?) 1(r?)
ZZ

d
G(r?; r0?;!) 1(r
0
?) 2(r
0
?)dr
0
?r? (5.17)
B12 =
ZZ
 2(r?) 1(r?)
ZZ

d
G(r?; r0?; !) 1(r0?) 2(r0?)dr0?r? (5.18)
From the denition of the Green's function given in Eq. (5.9) we see that it
obeys the relation G(r?; r0?; !) = G(r?; r0?; !), by which it follows that
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B12 = B

21 since the mode functions are assumed real. Finally, the overlap of
a mode with the doped region is quantied by the overlap integral
 i =
k
i
ZZ

d
q
"f (r?) i(r?)2d2r?; (5.19)
In the derivation of the coupled-mode equations, we have neglected any
spatio-temporal oscillations of the gain coecient g, which occur if the signal
intensity becomes comparable to the saturation intensity of the gain medium.
As we discussed in chapter 4 such oscillations will tend to reduce the oscillations
in the heat load and hence the thermally induced refractive index grating,
leading to a weaker coupling between the modes. By neglecting this eect, our
model will thus overestimate the mode coupling.
The power in each mode is given by Pi = 2nc"0c jaij2 and obey the coupled-
mode equations
dP1
dz
=  1(!)g(z)P2P1 +  1g(z)P1; (5.20a)
dP2
dz
= 2(!)g(z)P2P1 +  2g(z)P2; (5.20b)
where the coupling constants i are given by
1;2(!) =
k2
1;2
Im [B21(!)]

1  s
p

: (5.21)
This quantity can be calculated numerically for any given ber design for which
the Green's function and mode functions can be determined. From the property
of the Green's function G(r?; r0?; !) = G(r?; r0?; !), we nd the important
property of the coupling constant
i( !) =  i(!): (5.22)
It is evident from Eqs. (5.20) that a positive coupling constant 2 will lead
to a nonlinear gain of the light in the HOM. However, for ! = 0, we see
from Eq. (5.22) that i(0) = 0 so that no transfer of power between the modes
occurs in this case. This is what we expect, since in this case the mode beating
pattern is stationary and hence no phase-lag exists between it and the thermally
induced refractive index grating.
5.2 TMI threshold of a SIF amplier
In this section we consider a simple water-cooled SIF amplier for which an-
alytical expressions for the Green's function and the ber modes are known.
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The modes of a SIF were discussed in chapter 2, and the Green's function for
this problem is given by the expansion
G(r?; r0?; !) =
1
2
1X
m= 1
gm(r; r
0; !)eim( 
0): (5.23)
The radial Green's functions can be found by standard methods [49] to be
gn(r; r
0; !) =
(
In(
p
qr)[Kn(
p
qr0) DnIn(pqr0)] for 0  r < r0
In(
p
qr0)[Kn(
p
qr) DnIn(pqr)] for r0 < r  R
(5.24)
where In and Kn are the modied Bessel functions of the rst and second kind,
respectively, and
Dn =
Kn(
p
qR)
In(
p
qR)
; (5.25)
where R is the outer radius of the ber. Using the analytical expressions for
the modes of a SIF and the Green's function, the 2D integrals in Eq. (5.17)
can be reduced to 1D integrals and evaluated by standard numerical methods.
5.2.1 Calculation of the coupling constant
We consider rst a ber with a V parameter of 3 and calculate the coupling
constant between the LP01 and LP11 modes for varying core sizes Rc and a
xed outer radius R of 500 m. The core refractive index is taken to be 1.45
and the signal and pump wavelengths are assumed to be 1030 nm and 975 nm,
respectively. Fig. 5.1 shows the coupling constant 1, which is indistinguishable
from 2, as a function of f = !=2 for core radii of 10 m, 20 m and 40
m.
As expected, the coupling constant vanishes for f = 0. However, for a
small frequency dierence on the order of a kHz, depending on core size, the
coupling constant is positive and a transfer of power from LP01 to LP11 can
occur. Interestingly, the maximum value of the coupling constant is largely
insensitive to the core size, and only the position and width of the peak varies
signicantly.
We now investigate the dependence of the coupling constant on the V pa-
rameter of the ber by calculating  for a xed Rc = 20 m and varying V
with all other parameters the same as before. The results are shown in Fig. 5.2.
Here we see a signicant increase in  as V increases. This can be understood
by considering Eq. (5.17) from which it is clear that the coupling constant de-
pends on the overlap of the two modes. For V = 2:5, which is just above cut-o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Figure 5.1: Coupling constant  for LP01-LP11 coupling as a function of f
for varying Rc and V = 3.
for LP11, the overlap between the two modes is small, and as V increases, the
overlap, and hence the coupling constant, increases as well.
Finally, we investigate the dependence of the coupling constant on the size
of the rare-earth doped region. We do this by considering a ber with xed
V = 3 and Rc = 20 m but varying radius of the doped region of the core RY b.
The results are shown in Fig. 5.3. It is seen that reducing the size of the doped
region causes a signicant reduction in the coupling constant, which again is
expected from Eq. (5.17), since the inner integral is taken over the decreasing
doped region while the mode functions remain unchanged.
5.2.2 Solution of the coupled-mode equations
To study the onset of TMI in the ber ampliers, we solve Eqs. (5.20) under
the assumption P2  P1. We thus obtain
P2(L)
P (L)
 P2(0)
P1(0)
exp

(!)
 1
P   gavL

; (5.26)
where Pi(L) is the output power in mode i, Pi(0) is the input power in mode
i, P = P1 + P2 is the total power, P = P (L)  P (0),   =  1    2 and gav
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Figure 5.2: Coupling constant  for LP01-LP11 coupling as a function of f
for varying V and Rc = 20 m.
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Figure 5.3: Coupling constant  for LP01-LP11 coupling as a function of f
for varying RY b and Rc = 20 m, V = 3.
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is the gain averaged over the length of the ber L
gav =
1
L
Z L
0
g(z)dz: (5.27)
Note that the solution depends only on the total gain gavL and not on the
precise z dependence of g, which is inuenced by gain saturation and thus
not known a priori. As discussed above, the coupling constant  vanishes
for ! = 0. We therefore assume that the seed responsible for the mode
instability is quantum noise. To obtain the power in the HOM, we assume
that the equivalent input power spectral density (PSD) of the quantum noise
is h! [30, 50] and integrate Eq. (5.26) over all frequencies to obtain the HOM
content at the output xo = P2(L)=P (L):
xo  e
  gavL
P1(0)
Z 1
 1
h! exp

P
 1
(!1   !)

d!: (5.28)
The integral in Eq. (5.28) can be approximated by Laplace's method, which
yields the following approximate expression for the HOM content
xo  h!1
s
2 1
j00(!0)j
P (L)

 2
 1
  32

P1(0)
 2
 1
exp

0
 1
P (L)

(5.29)
where 0 and !0 are the maximum value of  and the corresponding frequency,
00 is the second derivative of  and we have assumed P  P . Given a
threshold value xth of the HOM content, Eq. (5.29) can be solved numerically
for the corresponding threshold power Pth.
We have calculated the threshold power for a threshold HOM content
xth = 0:05 for the various values of the design parameters of the SIF mod-
els considered in this section. The input power P1(0) was taken to be 1 W in
all cases. The results are summarized in Table 5.1 and show a signicant vari-
ation of the threshold power with ber design. Lowering the V parameter to
reduce the overlap between LP01 and LP11 is clearly eective in increasing the
power threshold. Similarly, reducing the area of the doped region is eective
in reducing the mode instability. The variation of the threshold power with
core size is quite small. This is at odds with recent experiments with LMA
bers, which show a decreasing TMI threshold with increasing core size [46].
It is important to note, however, that our model does not take the thermally
induced change of the mode functions  into account. This eect can be signif-
icant for very-large-mode bers with very small index contrasts, and will lead
to stronger connement and overlap of the mode functions [1], thus increasing
the nonlinear coupling constant and decreasing the power threshold.
72 Semi-analytic model of transverse mode instability
Table 5.1: Power thresholds of various SIFs.
Rc [m] RY b [m] V Pth [W]
10 10 3 440
20 20 3 458
40 40 3 479
20 20 3.5 401
20 20 2.5 813
20 15 3 586
20 10 3 1035
5.3 TMI threshold of a PCF amplier
The method presented in section 5.1 can be applied to any ber design for
which the mode functions and thermal Green's function can be determined,
either analytically or numerically. Jrgensen et al. have applied the method to
several PCF amplier designs [6, 7], and we shall review two examples in this
section: a commercially available LMA PCF amplier, and a so-called large
pitch ber (LPF) design [15].
We assumed in [6, 7] that the thermal Green's function for the PCF ber
structure could be well approximated by an innite boundary Green's function.
This assumption was checked by varying the outer radius R in the SIF model
considered in section 5.2. It was found that the precise value of the outer radius
made no noticeable dierence in the results, provided that the outer radius was
not unrealistically close to the core. In the innite boundary case, the Green's
function can be written
G(r?; r0?; !) = G(r?   r0?; !); (5.30)
and is thus a function of the dierence between the primed and unprimed coor-
dinates only. This allows us to write the expression for B21 given in Eq. (5.17)
as
B21 =
ZZ
 2(r?) 1(r?)
ZZ
G(r?   r0?;!) 1(r0?) 2(r0?)f(r0?)dr0?r?;
(5.31)
where f(r?) = 1 if r 2 
d and zero otherwise. The inner integral is seen to be a
convolution, which can be eciently evaluated numerically using a fast Fourier
transform (FFT). The outer integral can then be easily evaluated numerically
using standard numerical quadrature methods. The innite boundary Green's
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function is given by [49]
G(r?   r0?;!) =
1
2
K0
p
q(!) jr?   r0?j

; (5.32)
where K0 is the zeroth-order modied Bessel function of the second kind.
The rst ber considered is the Yb-doped double-clad active ber DC-
200/40-PZ-Yb from NKT Photonics A/S. The inner cladding consists of a
triangular array of airholes as well as two stress-applying parts (SAPs) which
introduce birefringence in the ber. This is done to make the ber polarization-
maintaining (PM). The pitch of the triangular array is  = 10:3 m and the
hole-diameter-to-pitch ratio d= = 0:21 for the simulated ber. The Yb-doped
core of the ber consists of a 7-cell defect, which gives a core diameter of
approximately 40 m. The outer cladding consists of a ring of large airholes
with a diameter of 200 m. The ber design is illustrated in Fig. 5.4. The
Figure 5.4: Fiber design of the DC-200/40 ber. The large black elements on
both sides of the core are SAPs. The image is adopted from [51].
guided modes for this ber were calculated by the FEM using the software
package COMSOL. The normalized scalar mode functions for the FM and the
rst HOM are shown in Fig. 5.5. These mode functions are qualitatively vary
similar to the LP01 and LP11 modes of the SIF. Unlike the SIF, however, the
LP11-like modes are not degenerate, and the coupling between the FM and
each LP11-like mode will thus be slightly dierent. Here we consider the HOM
which gives the lowest value of the TMI threshold.
The second ber we consider is also an Yb-doped double-clad LPF called
LPF30 [46]. The inner cladding is a triangular array of airholes, but without
any SAPs. The pitch of the cladding structure is  = 30 m, and is thus
considerably larger compared to the DC-200/40 ber. The hole-diameter-to-
pitch ratio is d= = 0:22, which is very close to the DC-200/40 ber. The Yb-
doped core of the LPF consists of a single-cell defect, giving a core diameter of
approximately 53 m. As for the DC-200/40 ber, the outer cladding consists
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(a) FM (b) HOM
Figure 5.5: Calculated normalized scalar mode functions for the (a) FM and
(b) HOM of the DC-200/40 ber.
of a ring of large airholes which has a diameter of 170 m. The ber design is
illustrated in Fig. 5.6
Figure 5.6: Fiber design of the LPF30 ber. The image is adopted from [15].
The normalized scalar mode functions for the LPF30 ber that give rise
to the lowest TMI threshold are shown in Fig. 5.7. Visually comparing the
mode proles of the two ber designs, we see that the HOM of the LPF30
ber appears to be signicantly more delocalized compared to the HOM of
the DC-200/40 ber. From the analysis of the SIF, which showed that an
increasing overlap between the modes and the doped region of the core led to a
lower TMI threshold, we expect the LPF30 to have the higher TMI threshold.
Calculating the mode coupling constant  for both bers, shown in Fig. 5.8,
we do indeed see that the LPF30 ber has a lower maximum value of the
coupling constant. Considering an input signal power P1(0) = 1 W and a
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(a) FM (b) HOM
Figure 5.7: Calculated normalized scalar mode functions for the (a) FM and
(b) HOM of the LPF30 ber.
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Figure 5.8: Coupling constant  as a function of f for DC-200/40 (blue curve)
and LPF30 (green curve). The LPF30 ber has a weaker coupling between the
FM and the HOM compared to the DC-200/40 ber due to its more delocalized
HOM.
threshold HOM content xth = 0:05, we found a TMI threshold power of 438
W for the DC-200/40 ber and 610 W for the LPF30 ber. We note, however,
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that the DC-200/40 ber is actually intended to be coiled, which is not taken
into account in the calculation of the modes. Bending the ber is likely to
have a signicant impact on the HOM prole, which could impact the result
of the threshold calculation. Also, at the threshold powers predicted here, the
mode proles can be perturbed by the strong radial thermal gradients, as we
discussed in chapter 3, and this thermal perturbation of the mode proles is
likely to be more severe with increasing core size due to the weak guiding in
such bers.
5.4 Conclusion
In summary, we have formulated a simple semi-analytical model of thermally
induced mode coupling in multimode rare-earth doped ber ampliers. The
model clearly shows that the thermal nonlinearity of a ber amplier may lead
to TMI seeded by quantum noise. It also predicts that the TMI threshold
is strongly inuenced by the combined overlap of the FM and HOM proles
and the doped region of the core. Fiber designs which reduce this overlap
should thus be less susceptible to TMI. Due to the approximations made
in the derivation of the model, in particular with regards to gain saturation
and thermal perturbations of the mode proles, the predicted threshold power
should not be expected to be in perfect agreement with experiments, but the
model could provide a good basis for comparing the performance of dierent
ber designs. The model presented in this chapter also does not allow us to
study the temporal dynamics of TMI or its behaviour at signal powers above
the threshold, nor have we considered other sources of instability seeding, such
as e.g. noise in the input signal.
Chapter 6
Coupled-mode model of
transverse mode instability
6.1 Introduction
The semi-analytical model presented in chapter 5 provides a plausible explana-
tion of TMI as a thermally-induced mode coupling seeded by quantum noise.
In this chapter, the basic ideas behind this model will be used to formulate a
full coupled-mode model of thermally-induced TMI. This model will allow us
to study the temporal dynamics of this phenomenon, as well as its behaviour as
the signal power is increased above the TMI threshold. We shall also consider
seeding of TMI by signal intensity noise, and the eect of amplitude modulation
of the input signal.
A number of recent publications have presented detailed experimental stud-
ies of the properties and dynamics of TMI. We shall summarize these ndings
here so that we can compare them to the results of the coupled-mode model
presented in this chapter.
 Eidam et al. [16] found that the output power did not decrease as the
TMI threshold was reached, and that it could be increased beyond the
threshold power.
 A study by Jansen et al. [46] comparing LPFs with dierent core diame-
ters found that the TMI threshold power decreased with increasing core
diameter.
 Stutzki et al. [52] presented a modal decomposition of the output signal
during TMI in a LPF and showed that the mode amplitudes and phases
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uctuated in a chaotic fashion on a ms timescale.
 A comparison of TMI in LMA bers with dierent core diameters by
Otto et al. [53] showed that the timescale of TMI depends on the core
diameter of the ber.
 The same study by Otto et al. [53] found that only the rst HOM was
excited by TMI, except for bers with vary large cores.
 It was found by Otto et al. [53] and Ward et al. [54] that the dynamics
of TMI at output powers close to the threshold was harmonic, developing
into chaotic behaviour at higher power. However, a very similar experi-
ment by Karow et al. [55] found no such harmonic transition region.
 The signal launching condition was found by Ward et al. [54] and Karow
et al. [55] to have only a small impact on the TMI threshold power.
 The experiments by Ward et al. [54] showed an increase in the TMI
threshold power when the ber was eciently cooled, compared to passive
cooling in air.
 Ward et al. [54] also found that the linewidth of the input signal had a
negligible impact on the TMI threshold.
While the model presented in this chapter makes a number of simplifying as-
sumptions, we shall see that it explains most of the important features of TMI
mentioned above.
The chapter is organized as follows: In section 6.2 we derive the theoret-
ical model and discuss the approximations made. In section 6.3 we consider
operation at the threshold and derive an approximate analytic solution of the
coupled mode equations, which is valid when the HOM is only weakly excited.
Using this approximate solution, we consider seeding of TMI by quantum noise
and signal intensity noise. Through a numerical solution, we investigate the
temporal and spectral features of TMI near the threshold, as well as the depen-
dence of the threshold power on the spectral width of the signal. In section 6.4
we consider operation beyond the stability threshold, and study the temporal
and spectral dynamics in this case, as well as investigate how the average HOM
content of the output signal varies as power is increased. Finally, in section 6.5,
we consider an amplitude modulated input signal and show how the thermally
induced nonlinear interaction between the modes leads to the generation of
additional sidebands in the spectral characteristics of the TMI phenomenon.
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6.2 Theory
6.2.1 Coupled mode equations
The quasi-monochromatic electric eld of the signal propagating in the ber is
written in terms of a slowly-varying envelope
E(r; t) =
1
2
u
 
E(r; t)ei!0t + c:c:

; (6.1)
where u is the polarization unit vector, E is the temporally slowly-varying
eld envelope and !0 is the carrier angular frequency of the signal. Using an
analogous expression for the induced polarization, the frequency domain wave
equation in the scalar approximation can be written as
r2E(r; !   !0) + !
2
c2
"(r)E(r; !   !0) =  0!2PNL(r; !   !0); (6.2)
where E(r; !) is the Fourier transform of E(r; t), " is the complex relative
permittivity of the ber and PNL(r; !) is the slowly-varying nonlinear induced
polarization due to the heating of the ber. The relative permittivity is written
in terms of its real and imaginary parts as
"(r) = "f (r?)  ig(r)
p
"f (r?)
k0
; (6.3)
where "f is the real relative permittivity of the ber, g is the bulk gain coe-
cient due to the rare-earth doping of the ber core, k0 = !0=c is the vacuum
wave number and the subscript ? denotes the transverse coordinates x; y. We
have disregarded material dispersion of the ber, since we shall restrict our-
selves to considering signals with a linewidth of less than a few tens of kHz.
The nonlinear induced polarization is related to the change in temperature
of the ber T and the electric eld by
PNL(r; t) = "0T (r; t)E(r; t); (6.4)
where  is a thermo-optic coecient, which relates the change in relative per-
mittivity of the ber to the change in temperature through
"(r; t) = T (r; t): (6.5)
Taking the Fourier transform of Eq. (6.4) and inserting the result into Eq. (6.2)
yields
r2E(r;
) + k2"(r)E(r;
) =  k
2
2
Z 1
 1
T (r;
0)E(r;
  
0)d
0; (6.6)
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where 
 = !   !0 and k = !=c. The change in temperature T obeys the
heat equation
C
@T
@t
  r2?T (r; t) = Q(r; t); (6.7)
where  is the density, C is the specic heat capacity, and  is the thermal
conductivity of the ber material, all of which are assumed to be constant
throughout the ber cross section and independent of temperature. We have
assumed that the longitudinal heat diusion is negligible compared to the trans-
verse heat diusion, and hence we have omitted the z derivative part of the
Laplacian in the heat equation. The heat source is due to the quantum defect
associated with the gain medium, and the heat power density Q is related to
the signal intensity I by
Q(r; t) =

s
p
  1

g(r)I(r; t); (6.8)
where s and p are the signal and pump wavelengths, respectively. Fourier
transforming Eq. (6.7) with respect to time yields
r2?T (r; !)  q(!)T (r; !) =  
Q(r; !)

; (6.9)
where q = iC!=. Eq. (6.9) can be solved by an appropriate Green's function
G [48], and T in the frequency domain is given by
T (r; !) =
1

ZZ
G(r?; r0?; !)Q(r
0; !)d2r0?; (6.10)
where the Green's function satises the dierential equation
r2?G(r?; r0?; !)  q(!)G(r?; r0?; !) =  (r?   r0?): (6.11)
The signal intensity is given by the slowly varying electric eld as
I(r; t) =
1
2
q
"f (r?)"0cE(r; t)E(r; t); (6.12)
which upon insertion into Eq. (6.8) and taking the Fourier transform yields
T (r; !) =
nc"0c
4

s
p
  1

g(z)
ZZ
Sd
G(r?; r0?; !)Z 1
 1
E(r0?; ! + !
0)E(r0; !0)d!0dr0?:
(6.13)
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In the derivation of Eq. (6.13) we have assumed that the gain coecient g
is independent of time, and that it is uniform within the rare-earth doped
region of the ber core, which we denote Sd. Both these assumptions are
approximations, since g is given by the population inversion of the gain medium,
which depends on the signal intensity. If the signal eld is composed of multiple
transverse modes and frequency components, the intensity will oscillate in both
space and time, and this will result in spatio-temporal oscillations in g if the
signal intensity is high compared to the saturation intensity of the gain medium
as shown in [37, 1]. It is clear that the minima of g will coincide with the
maxima of I, and by considering Eq. (6.8) we see that neglecting the spatio-
temporal oscillations of g leads to an overestimate of the oscillations in T .
Including the eects of gain saturation in our model leads to a much more
complicated formalism, which is beyond the scope of this thesis. Nevertheless,
we shall see that our simplied model explains the major qualitative features
of TMI, and also provides quantitative predictions that agree reasonably well
with experiments.
To derive coupled mode equations, we expand the electric eld in a set of
orthogonal transverse modes
E(r;
) =
X
m
Am(z;
) m(r?)e i0;mz; (6.14)
where the Am are the slowly-varying mode amplitudes, 0;m are the propa-
gation constants of the modes at ! = !0 and the normalized mode functions
satisfy the eigenvalue equation
r2? m(r?) + k2"f (r?) m(r?) = m(!)2 m(r?); (6.15)
where m(!) is the propagation constant for mode m. By inserting the mode
expansion in Eq. (6.14) into Eq. (6.6) and Eq. (6.13) and invoking the paraxial
approximation, we can obtain a set of coupled mode equations for the mode
amplitudes
2i0;n
@An
@z
= 1;n
An(z;
) + ik0
X
m
nmAm(z;
)e
inmz
+B
X
klm
ei(nm kl)z
Z 1
 1
Am(z;
  
0)Gnmkl(
0)

Z 1
 1
Ak(z;

0 +
00)Al(z;
00)d
00d
0:
(6.16)
In this expression, we have introduced the quantities nm = 0;n   0;m and
the inverse group velocity 1;n = 1=vg;n. Terms involving the GVD and higher-
order dispersion are neglected, since we consider signals of narrow linewidth.
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Furthermore, we have introduced
nm = ncg(z)
ZZ
Sd
 n(r?) m(r?)d2r? (6.17)
and
B(z) =
k20nc"0c
82

s
p
  1

g(z): (6.18)
Finally we have introduced the coupling coecients dened by
Gnmkl(
) =
ZZ
 n(r?) m(r?)
ZZ
Sd
G(r?; r0?;
) k(r
0
?) l(r
0
?)
dr0?dr?;
(6.19)
where the outer integral is over the entire ber cross section. These coupling
coecients can be evaluated numerically using standard quadrature methods
for any given set of modes.
Although our model can include an arbitrary number of transverse modes,
the detailed experimental analysis of TMI has shown that only the FM and the
rst HOMs of LMA bers are involved, except for bers with very large mode
areas [53]. We therefore include only the fundamental LP01 mode and one of
the two degenerate LP11 modes of a simple SIF. We also assume that the ber
is water cooled and the appropriate boundary condition for the heat equation
at the ber surface is therefore

@T
@r
+ hqT = 0; (6.20)
where hq is the convection coecient for the cooling uid. The Green's function
G is in this case given by the expansion
G(r?; r0?;
) =
1
2
1X
m= 1
gm(r; r
0;
)eim( 
0): (6.21)
Here r;  are the usual cylinder coordinates and the radial Green's functions
gm are given by
gn(r; r
0;
) =
(
In(
p
qr)[CnIn(
p
qr0) +Kn(
p
qr0)] for 0  r < r0
In(
p
qr0)[CnIn(
p
qr) +Kn(
p
qr)] for r0 < r  R ; (6.22)
where In and Kn are the modied Bessel functions of the rst and second kind,
respectively, q = iC
= and the coecients Cn are given by
Cn =
Kn+1(
p
qR) +Kn 1(
p
qR)  aKn(pqR)
In+1(
p
qR) + In 1(
p
qR) + aIn(
p
qR)
; (6.23)
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with R being the outer radius of the ber and a = 2hq=
p
q.
Introducing scaled mode amplitudes pi =
p
nc"0c=2Ai and keeping only
phase-matched terms, we obtain the coupled mode equations
@p1
@z
=

nc 1g
2neff;1
  i

vg;1

p1(z;
)  iK1g 

Z 1
 1
p1(z;
  
0)G1111(
0)C11(z;
0)d
0+Z 1
 1
p1(z;
  
0)G1122(
0)C22(z;
0)d
0+Z 1
 1
p2(z;
  
0)G1212(
0)C12(z;
0)d
0

;
(6.24)
@p2
@z
=

nc 2g
2neff;2
  i

vg;2

p2(z;
)  iK2g 

Z 1
 1
p2(z;
  
0)G2222(
0)C22(z;
0)d
0+Z 1
 1
p2(z;
  
0)G2211(
0)C11(z;
0)d
0+Z 1
 1
p1(z;
  
0)G2121(
0)C21(z;
0)d
0

;
(6.25)
where we have introduced the eective index neff;n = 0;n=k0 and the overlap
integrals
 n =
ZZ
Sd
 n(r?) n(r?)d2r?: (6.26)
The constants Kn are given by
Kn =
 (s   p)
4neff;nsp
; (6.27)
and Cij are given by the correlations
Cij(z;
) =
Z 1
 1
pi(z;
+ 

0)pj(z;
0)d
0: (6.28)
The rst nonlinear term on the rhs. of Eq. (6.24) and Eq. (6.25) gives rise to
intra-modal eects such as SPM and FWM. Both of these eects are governed
by the real part of Gnnnn. The imaginary part of Gnnnn is responsible for a
nonlinear gain on the Stokes side of the spectrum. Due to the long response
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time of the thermal nonlinearity, caused by the slow heat diusion in the ber,
the spectrum of Gnnnn is extremely narrow, typically on the order of 100 Hz
or less, depending on ber design.
The second nonlinear term gives rise to a cross-phase modulation (XPM)
eect between the light in the two modes, and the last term is responsible,
through the imaginary part of Gnmnm, for transfer of power between the modes,
as we shall see later. Interestingly, it turns out that Gnmnm has a signicantly
wider spectrum compared to the other Green's function overlap integrals, typ-
ically on the order of a kHz, again depending on ber design.
We note that by keeping only phase-matched terms in the coupled mode
equations, we have neglected the eect of a FWM interaction between the
modes, which could also potentially transfer power between them. However,
this eect is highly suppressed since the GVD is far too low to provide phase-
matching for the narrow-band signals we are considering.
6.2.2 Steady-state solution
It is easy to see that the coupled mode equations admit a steady-state solution
given by
pn(z;
) = 2
p
P0;n exp

nc n
2neff;n
Z z
0
g(z0)dz0

ein(z)(
); (6.29)
where P0;n is the initial power in mode n. n is the nonlinear phase
1(z) = 1(0)  [11 (P1(z)  P0;1) + 12 (P2(z)  P0;2)] ; (6.30)
2(z) = 2(0)  [22 (P2(z)  P0;2) + 21 (P1(z)  P0;1)] ; (6.31)
with Pn being the power in mode n
Pn(z) = P0;n exp

nc n
neff;n
Z z
0
g(z0)dz0

(6.32)
and the nonlinear parameters nm are given by
11 =
42K1neff;1
nc 1
G1111(0); (6.33a)
22 =
42K2neff;2
nc 2
G2222(0); (6.33b)
12 =
42K1neff;2
nc 2
[G1122(0) +G1212(0)] ; (6.33c)
21 =
42K2neff;1
nc 1
[G2211(0) +G2121(0)] : (6.33d)
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From Eq. (6.11) it is seen that G(r?; r0?; !) = G(r?; r0?; !), from which it
immediately follows that the nonlinear parameters nm are all real. It is there-
fore clear that there is no transfer of power between the modes in our steady-
state solution, and the only eect of the thermal nonlinearity is to cause SPM
and XPM. One might therefore naively expect that our simple model is unable
to explain TMI, and that more elaborate models with fewer approximations or
additional physical mechanisms are required. However, as we shall show in the
following, the steady-state solution is not stable, and the presence of amplitude
noise will lead to a nonlinear transfer of power between the modes.
The steady-state solution given in Eq. (6.29) is of course highly idealized in
the sense that the bandwidth of the signal is innitesimally small. Actual CW
laser sources have a nite bandwidth, and it is therefore of interest to examine
whether a steady-state solution with a nite bandwidth exists. We consider a
solution which in the time domain has the form
pn(z; t) =
p
P0;n exp

nc n
2neff;n
Z z
0
g(z0)dz0

ei[n(z)+(t)]; (6.34)
where (t) is a stochastic phase which gives rise to a nite bandwidth of the CW
eld. It is easy to show that Eq. (6.34) is indeed a solution to the coupled mode
equations, where the deterministic phase n is given by Eqs. (6.30) and (6.31).
Phase noise alone is thus not sucient to rule out a steady-state solution,
but when amplitude noise is included, it is no longer possible to nd a stable
steady-state solution, and we therefore expect that amplitude noise, either due
to quantum uctuations or due to intensity noise of the seed laser, is responsible
for TMI.
6.3 Operation at threshold
In this section, we derive approximate analytical solutions of the coupled mode
equations, which are valid in cases where the average output power does not
exceed the threshold for TMI. These solutions show that both quantum noise
and intensity noise of the input signal can act as a seed for TMI, and thus lead
to transfer of power between the FM and a HOM of the ber. By solving the
coupled mode equations numerically, we verify the validity of the approximate
analytical solutions and also study the temporal dynamics of TMI.
6.3.1 Quantum noise seeding
We rst consider the case where a perfectly monochromatic signal is launched
in the FM of the ber amplier, with no signal launched in the HOM. We can
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then show by solving Eqs. (6.24) and (6.25) to rst order in p2 that the presence
of quantum noise in the HOM leads to a nonlinear transfer of power from the
FM to the HOM, and that this transfer exhibits a threshold-like dependence
on output power. In the following we have assumed that neff;1  neff;2  nc
and vg;1  vg;2, in which case the coupled mode equations to rst order in p2
become
@p1
@z
=
 1
2
g(z)p1(z;
)  iKg(z)
Z 1
 1
p1(z;
  
0)G1111(
0)C11(z;
0)d
0;
(6.35)
@p2
@z
=
 2
2
g(z)p2(z;
)  iKg(z)
Z 1
 1
p2(z;
  
0)G2211(
0)C11(z;
0)d
0
+
Z 1
 1
p1(z;
  
0)G2121(
0)C21(z;
0)d
0

;
(6.36)
where K = K1  K2 and the group velocity term has been transformed away
by shifting to a frame moving with the group velocity. We take the solution of
Eq. (6.35) to be the CW solution given by Eq. (6.29). Inserting this solution
into Eq. (6.36) we obtain
@jp2j2
@z
= [ 2 + (
)P1(z)] g(z)jp2(z;
)j2; (6.37)
where (
) = 42KIm[G2121(
)] and P1(z) is given by Eq. (6.32). We can
solve this dierential equation to obtain the energy spectral density in the
HOM at the output
jp2(L;
)j2 = jp2(0;
)j2 exp ( 2gavL) exp

(
)
 1
(P1(L)  P0;1)

; (6.38)
where L is the length of the ber and the average gain coecient is given by
gav =
1
L
Z L
0
g(z)dz: (6.39)
It is clear from the solution given by Eq. (6.38) that any frequency components
present in the HOM for which  > 0 will experience a nonlinear gain in addition
to the gain provided by the rare-earth doping. While we have assumed that no
signal is launched into the HOM, quantum uctuations of the eld will always
be present, and certain frequency components of this quantum noise can thus
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experience nonlinear gain. Writing the solution in terms of the power spectral
density (PSD) Sn of mode n, we have
S2(L;
) = S2(0;
) exp ( 2gavL) exp

(
)
 1
(P1(L)  P0;1)

: (6.40)
To model the inuence of quantum noise, we use the approach in [30] and dene
an equivalent input PSD of the quantum noise as S2(0;
) = h(!0 + 
). The
total output power in the HOM is thus given by
P2(L) = exp ( 2gavL)
Z 1
 1
h(!0 +
) exp

(
)
 1
(P1(L)  P0;1)

d
: (6.41)
As a specic example, we consider an Yb-doped SIF with a core radius Rc = 20
m, a core refractive index nc = 1:45 and with a V parameter of 3. This ber
thus supports the fundamental LP01 mode as well as the degenerate LP11
modes. Although actual double-clad ber ampliers have both an inner and
outer cladding, we assume for simplicity that the radius of the inner cladding is
suciently large that the index step associated with the inner/outer cladding
boundary has a negligible impact on the modes guided in the core. The outer
radius of the ber R = 500 m and the convection coecient of the cooling uid
hq = 1000 W=(m
2K). Since we are considering an Yb-doped ber amplier, we
take the pump wavelength to be 975 nm and the launched signal wavelength
to be 1032 nm. We shall refer to this ber amplier as Fiber A, and the
parameters are summarized in Table 6.1.
Table 6.1: Parameters of Fiber A.
Rc 20 m
R 500 m
nc 1.45
V 3
s 1032 nm
p 975 nm
hq 1000 W=(m
2K)
 3:5 10 5 K 1
 1.4 W=(Km)
C 1:67 106 J=(Km3)
To calculate the nonlinear coupling coecient  we insert  1(r; ) = R1(r)
and  2(r; ) = R2(r) cos into Eq. (6.19), where R1 and R2 are the radial mode
functions for the LP01 and LP11 modes, respectively. Using the expansion for
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the Green's function given in Eq. (6.21) we obtain an expression for G2121
G2121(
) = 
Z R
0
R1(r)R2(r)r
Z Rc
0
R1(r
0)R2(r0)g1(r; r0;
)r0dr0dr: (6.42)
This double integral is evaluated by standard numerical quadrature methods
for a range of frequencies, and the nonlinear coupling coecient  is calculated
using  = 3:5  10 5 K 1,  = 1:4 W=(Km) and C = 1:67  106 J=(Km3).
The result, shown in Fig. 6.1, shows that  is positive for negative values of 

and has a sharp peak at 
=2  1 kHz.
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Figure 6.1: Nonlinear coupling coecient  for LP01   LP11 coupling as a
function of 
 for Fiber A.
Dening the HOM content as  = P2=(P1 + P2) we nd from Eq. (6.41)
(L)  h!0
P0;1
exp (  gavL)
Z 1
 1
exp

(
)
 1
(P1(L)  P0;1)

d
; (6.43)
where   =  1  2 and we have used the fact that the dominant contribution
to the integral comes from the narrow region around the peak in  to make the
approximation !0 + 
  !0. This fact also allows us to use Laplace's method
to evaluate the integral, which yields
(L)  h!0
s
2 1
j00(
p)j
P1(L)
( 2= 1 3=2)
P
 2= 1
0;1
exp

(
p)
 1
(P1(L)  P0;1)

; (6.44)
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Figure 6.2: (a) Output HOM content  as a function of output power in the
FM P1 and (b) output PSD of the HOM of Fiber A. The input power in the
FM P1(0) = 1 W.
where 00 denotes the second derivative of  with respect to 
, and 
p denotes
the frequency of the maximum of . Assuming an input power of 1 W in the
FM, the HOM content is plotted as a function of output power in the FM in
Fig. 6.2a and clearly shows a threshold-like behavior near a FM output power
of approximately 450 W. Dening a threshold output power Pth as the output
power for which  = 0:05, we nd Pth = 448 W by a numerical solution of
Eq. (6.44). The PSD of the output signal in the HOM is given by Eq. (6.40)
and is shown in Fig. 6.2b for a FM output power P1(L) = Pth. It is evident
that the light is redshifted by approximately 1.5 kHz relative to the light in the
FM, which corresponds to the peak in the nonlinear coupling coecient .
Since the light generated in the HOM is redshifted and has a nite spectral
width, both of which are determined by the shape of the spectrum of , the
interference between the remaining light in the FM and the light in the HOM
is expected to display a complicated temporal behavior. It is evident from
Eq. (6.42) that the nonlinear coupling coecient  depends on the shape of
the mode functions, and thus on the ber design, and hence the temporal
dynamics of TMI is dierent for dierent ber ampliers. The dependence of
the spectral properties of  on the core diameter and V parameter of a SIF
was investigated in [2] where it was found that the frequency and width of the
peak of  decrease with increasing core diameter, and that the maximum value
of  decreases with decreasing V parameter. The temporal dynamics of TMI
is therefore expected to be slower for bers with larger core diameter, and the
threshold is expected to be higher for bers with lower V parameter.
90 Coupled-mode model of transverse mode instability
To investigate the impact of cooling eciency on TMI, we have calculated
 for hq = 10 W=(m
2K), corresponding to passive air cooling, and hq = 10
4
W=(m2K), corresponding to very ecient water cooling. The results are indis-
tinguishable from Fig. 6.1, which means that the TMI threshold and spectral
properties are predicted to be exactly the same. This is a surprising result in
light of experimental results presented in [54], which shows a higher threshold
for an eciently cooled ber compared to an air-cooled ber. We note that our
calculations assume symmetric cooling of the ber, which is not always the case
experimentally. An asymmetric cooling of the ber, such as e.g. when the ber
is attached to a heat sink, could lead to an overall temperature gradient, which
would distort the mode proles and thus alter the nonlinear coupling coecient
between the modes. Our calculations also assume that ber parameters such
as density, heat capacity, thermal conductivity and thermo-optic coecient are
temperature independent, and since the overall temperature of the ber de-
pends greatly on the cooling eciency, this assumption may not be valid. In
particular, the thermo-optic coecient of fused silica may in fact increase with
increasing temperature [56], leading to a reduction in TMI threshold.
6.3.2 Intensity noise seeding
While we have shown that pure phase noise in the input signal does not induce
TMI, we will now show that the presence of intensity noise in the input signal
can act as a seed for TMI, provided that a small amount of the signal is launched
in the HOM. To do this, we consider the coupled mode equations to rst order
in p2 given by Eq. (6.35) and Eq. (6.36). We assume that the signal launched
into each mode is given in the time domain by
pn(0; t) =
q
P0;n (1 + N (t))e
in(0) pP0;n1 + 1
2
N (t)

ein(0); (6.45)
where N is a zero-mean random variable representing the intensity noise of
the input signal, and we further assume that jN j  1.
We again take the zeroth-order solution to the FM signal to be the CW
solution given in Eq. (6.29) and can then derive the PSD of the output signal
in the HOM, given by Eq. (6.40). The input PSD in the HOM is given by
S2(0;
) =
1
2
Z 1
 1
hp2(0; t)p2(0; t+ t0)ie i
t0dt0; (6.46)
where hp2(0; t)p2(0; t+ t0)i is the autocorrelation function of the input signal
in the HOM. Using Eq. (6.45) the PSD of the input signal in the HOM can be
written as
S2(0;
) = P0;2(
) +
1
4
RN (
)P0;2; (6.47)
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where RN is the relative intensity noise (RIN) of the input signal, and is given
by
RN (
) =
1
2
Z 1
 1
hN (t)N (t+ t0)ie i
t0dt0: (6.48)
Inserting the input PSD given in Eq. (6.47) into Eq. (6.40) yields the output
PSD in the HOM
S2(L;
) = P0;2 exp ( 2gavL)

(
) +
1
4
RN (
) exp

P1
 1
(
)

; (6.49)
where P1 = P1(L)   P0;1. The total output power in the HOM P2(L) is
then found by integrating S2(L;
) over all frequencies. In terms of the HOM
content  we nd
(L) = (0) exp (  gavL)

1 +
1
4
Z 1
 1
RN (
) exp

P1
 1
(
)

d


:
(6.50)
Since the main contribution to the integral comes from the narrow frequency
range around the maximum of , we can assume that the RIN is independent
of frequency and use Laplace's method to evaluate the integral. This yields
(L)  (0)

P0;1
P1(L)
1  2 1 "
1 +
1
4
RN (
p)
s
2 1
P1(L)j00(
p)j exp

P1
 1
(
p)
#
;
(6.51)
where we have used the approximation P1  P1(L) in the denominator in
the second term. We have plotted the HOM content as a function of output
power in the FM P1(L) for Fiber A in Fig. 6.3 assuming an initial HOM content
(0) = 0:01, an initial FM input power P0;1 = 1 W and three dierent values
of the RIN RN : 10
 13 Hz 1, 10 12 Hz 1 and 10 11 Hz 1. In the same gure,
we have plotted the HOM content for quantum noise seeding for comparison.
The threshold powers for TMI in each case of intensity noise seeding are found
to be 351 W, 320 W and 288 W, respectively, which is signicantly lower than
the 448 W found for the quantum noise seeded case, but still on the same order
of magnitude.
From Eq. (6.51) we see that the threshold power has an approximately log-
arithmic dependence on the RIN, and measures taken to reduce the intensity
noise of the input signal are therefore expected to result in only modest im-
provements in the TMI threshold. The same is true for the dependence of the
TMI threshold on the initial HOM content (0), which explains why eorts to
optimize the in-coupling of the signal are found to have little impact on the
TMI threshold in experiments.
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Figure 6.3: Output HOM content as a function of FM output power for inten-
sity noise seeding of Fiber A with a RIN of 10 13 Hz 1 (green curve), 10 12
Hz 1 (red curve) and 10 11 Hz 1 (yellow curve). Quantum noise seeding (blue
curve) is shown for comparison. The input power in the FM P0;1 = 1 W and
the initial HOM content (0) = 0:01.
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Figure 6.4: Nonlinear coupling coecient  for LP01   LP11 coupling (blue
curve) and LP01   LP02 coupling (green curve) for a SIF with V = 5 and all
other parameters the same as Fiber A. The peak value is seen to be higher for
LP01   LP11 coupling, leading to a lower threshold power for this process.
6.3.3 LP01   LP02 coupling
So far we have only considered coupling between LP01 and LP11. However,
some large-core bers may support additional guided modes, such as LP02-like
modes, in particular for operating powers for which the thermo-optic eect is
strong enough to signicantly alter the guiding properties of the ber [1]. While
the presence of an additional LP31 mode has been reported in TMI of a LPF
with a mode eld diameter of 75 m [53], LP02-like modes have as yet not been
observed to take part. To investigate this, we have calculated the nonlinear
coupling coecients for both LP01  LP11 coupling and LP01  LP02 coupling
for a SIF with a V parameter of 5 and all other parameters the same as Fiber A.
The result is presented in Fig. 6.4 and clearly shows that the nonlinear gain of
the LP01 LP02 coupling is much less than for the LP01 LP11 coupling in this
case. Calculating the quantum noise seeded threshold power for a threshold
HOM content th = 0:05, we nd Pth = 350 W and Pth = 608 W for the two
cases. It is thus not surprising that an LP02-like mode has not been observed
to take part in TMI, as the coupling to the LP11-like modes must be expected
to be much stronger.
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6.3.4 Numerical results
The results presented so far are based on approximate solutions of the coupled
mode equations, and it is therefore of interest to compare these solutions to a
full numerical solution of the coupled mode equations. In particular, our semi-
analytical results are based on the assumption of a perfectly monochromatic
signal. As can be seen from Fig. 6.1 the nonlinear coupling coecient  has a
very narrow spectrum on the order of a few kHz, which is comparable to the
linewidth of typical single-frequency ber laser sources. We shall therefore use
a numerical solution to study the eect of a nite signal linewidth on the TMI
threshold.
Our implementation of the numerical solution of the coupled mode equa-
tions, Eq. (6.24) and Eq. (6.25), is straightforward. We use a standard ODE
integrator [57] to step the solution forward in z and the correlations are com-
puted using fast Fourier transforms. While it would be possible in principle
to include rate equations to determine the z-dependence of the gain coecient
g(z), we have chosen to consider a simplied case in which g(z) is constant.
The analytical results derived in the previous sections showed that the power
threshold for TMI was only dependent on the total gain. While this is only
strictly true when rapid spatio-temporal oscillations of g can be neglected, we
nevertheless believe that the numerical results derived with a constant gain are
suciently accurate to provide valuable insight into the dynamics of the TMI
phenomenon.
We consider a SIF with the same parameters as Fiber A for all the results in
this section, and consider coupling between LP01 and one of the two degenerate
LP11 modes. For the input signal, we assume a CW signal with only phase
noise to which we add random quantum noise by injecting one photon per mode
[30]. The phase noise of the input signal is modeled in the time domain as
pn(0; t) =
p
P0;ne
i(n(0)+(t)); (6.52)
where (t) is the result of a Gaussian random walk. This phase noise model
provides a signal with a constant amplitude but with a Lorentzian lineshape.
To investigate the inuence of the signal bandwidth on the TMI threshold,
we have run simulations for input signal bandwidths of 1 Hz, 1 kHz and 10
kHz (FWHM). In all cases, the input signal power P0;1 = 1 W for the FM and
P0;2 = 0 W for the HOM. The ber length L = 1 m and the gain coecient
g = ln(500)=( 1L). In the absence of any nonlinear mode coupling, the ber
amplier should thus provide 27 dB gain. Fig. 6.5 shows the output PSD for
the FM and HOM for all three simulations. The HOM spectrum for the 1
Hz case, plotted in Fig. 6.5b shows the presence of light redshifted relative to
the FM by approximately 1.5 kHz, corresponding to the peak of the nonlinear
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coupling coecient shown in Fig. 6.1. The shape of the spectrum also agrees
well with what is seen in Fig. 6.2b.
For the 1 kHz case, the HOM light is seen to experience a redshift of approx-
imately 1.5 kHz as in the 1 Hz case, and is also spectrally broadened, although
the latter eect is less visible due to the width of the input signal. The redshift
is also present in the 10 kHz case, but is hardly noticeable on the plot due to
the larger spectral width of the input signals.
The HOM content  and the average power in each mode as a function
of z for the 10 kHz input signal linewidth case are plotted in Fig. 6.6 and
shows that the TMI threshold is reached when the power in the FM reaches
approximately 450 W, in good agreement with our semi-analytical result in the
previous section. The results for the 1 Hz and 1 kHz cases are indistinguishable
from this case, and are thus not shown.
In order to investigate the temporal dynamics of TMI, we plot the squared
norm of the time-domain mode amplitudes at the output jpn(L; t)j2, which
gives the instantaneous power in mode n. These are plotted in Fig. 6.7 for the
1 Hz input signal linewidth case and shows a rather chaotic uctuation of power
between the FM and the HOM on a timescale of a few ms, which is what would
be expected from the width and redshift of the spectrum in Fig. 6.5b. It is also
consistent with recent experimental ndings [55], which showed that TMI in
a Yb-doped PCF amplier with a core diameter of 38 m manifested itself as
a chaotic oscillation of the beam intensity on a ms timescale. The results for
the 1 kHz and 10 kHz cases display a similar behavior and are therefore not
reproduced here.
Considering the results of our simulations, it appears that the bandwidth
of the signal does not inuence the TMI threshold or the temporal dynamics
of the mode uctuations to any great extent, which is also consistent with
experiments [54].
6.4 Operation beyond threshold
We now investigate the behavior of the output signal when a ber amplier
is operated above the TMI threshold. Since the perturbative approach pre-
sented in section 6.3 is invalid in cases where the power in the HOM becomes
comparable to the power in the FM, we investigate this regime by numerically
solving the coupled mode equations for 1 m of Fiber A, but with a higher gain
coecient g = ln(1000)=( 1L). We consider a case in which the input signal
power is 1 W and the signal linewidth is 1 kHz. We further assume that the
signal is launched into the FM, with no signal launched in the HOM, and add
quantum noise to this signal.
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(d) HOM spectrum, 1 kHz
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(e) FM spectrum, 10 kHz
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Figure 6.5: Output PSD of the light in LP01 and LP11 of 1 m of Fiber A with
g = ln(500)= 1 m
 1. The input signal is a CW signal with a linewidth due to
phase noise of 1 Hz (a,b), 1 kHz (c,d) and 10 kHz (e,f), and the input power
in the FM is 1 W. Quantum noise acts as a seed for TMI, which is seen as the
presence of the redshifted light in the HOM.
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Figure 6.6: (a) Average mode power Pn of the FM (blue curve) and HOM
(green curve), and (b) HOM content  as a function of z for the ber amplier
described in Fig. 6.5 with an input signal linewidth of 10 kHz. The results for
the 1 Hz and 1 kHz cases are indistinguishable from the 10 kHz case.
0 5 10 15 20
t [ms]
0
100
200
300
400
500
|p(
t)
|2
 [
W
]
Figure 6.7: Instantaneous mode power at the ber output jpn(L; t)j2 as a func-
tion of time for the ber amplier described in Fig. 6.5. The signal power is
seen to uctuate between the FM (blue curve) and HOM (green curve) in a
chaotic fashion on a ms timescale.
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Figure 6.8: (a) Average mode power of the FM (blue curve) and HOM
(green curve), and (b) HOM content as a function of z for Fiber A with
g = ln(1000)= 1 m
 1. The input signal is a CW signal with a linewidth due
to phase noise of 1 kHz, and the input power in the FM / HOM is 1 W / 0
W, with quantum noise added to both modes. The HOM content is seen to
converge to 0.5 as the signal power increases beyond the TMI threshold.
Considering the average mode power and HOM content as a function of
z, shown in Fig. 6.8, we see that the HOM content increases dramatically as
the TMI threshold is reached. At this power level, power is thus transferred
from the FM to the HOM. This transfer proceeds until the HOM content
reaches approximately 0.8, at which point the process is reversed and power is
transferred back to the FM from the HOM. The power ow between the modes
quickly reverses again, however, and the HOM content appears to converge to
0.5 as the total signal power increases.
The output PSD of the light in the FM and HOM is shown in Fig. 6.9. It is
seen that the light in both modes is now signicantly redshifted relative to the
input signal, and that the FM spectrum has undergone signicant broadening.
This broadening, which was absent in the simulations for the amplier oper-
ating at the threshold power, can be explained by considering the power ow
reversals between the modes described above. The light in the HOM is initially
seeded by quantum noise and thus has a spectral width which is determined
by the bandwidth of the nonlinear gain, since the bandwidth of the FM light
is comparable to the nonlinear gain bandwidth. As the output power increases
beyond the TMI threshold and the power ow between the modes reverses, the
relatively broadband light in the HOM is coupled back into the nearly depleted
FM. With each reversal of the power ow, the light is redshifted and also
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Figure 6.9: Output PSD of the light in (a) LP01 and (b) LP11 of the SIF
amplier descibed in Fig. 6.8. Quantum noise acts as a seed for TMI, and
the multiple power ow reversals between the modes result in an additional
redshift and spectral broadening of the output signal.
additionally broadened due to the nonlinear gain, and the end result is that
the light in both modes is redshifted and spectrally broadened relative to the
input. We have tested that the redshift is indeed due to the coupling between
the modes by removing the quantum noise from the simulation, in which case
no power transfer between the modes occurred and no spectral broadening was
observed.
The temporal dynamics of the TMI is again studied by plotting the instan-
taneous mode power of each mode as a function of time, which is shown if
Fig. 6.10. The mode uctuations are chaotic and the characteristic timescale
is somewhat shorter compared to the result for operation at the TMI threshold
shown in Fig. 6.7. This shorter timescale of the mode uctuations is most likely
a result of the additional spectral broadening of the light, which we discussed
above. We also note that a complete transfer between the modes can occur on
a sub-ms timescale. Such a complete transfer of power between the modes has
been experimentally observed in [52].
6.5 Amplitude modulated input signal
We shall now consider what happens if the input signal contains a small am-
plitude modulation with a modulation frequency close to the frequency of the
peak of the nonlinear coupling coecient. The modulation frequencies we con-
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Figure 6.10: Instantaneous mode power at the ber output jpn(L; t)j2 as a
function of time for the ber amplier described in Fig. 6.8. The signal power
is seen to uctuate between the FM (blue curve) and HOM (green curve) in a
chaotic fashion on a ms timescale. Note that a full transfer of power between
the modes occurs on a sub-ms timescale.
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sider would thus be in the range of a few 100 Hz to a few kHz, depending on
the ber core diameter [2]. Amplitude modulations in this frequency range can
be caused by various external electrical or mechanical disturbances [58], and
may also act as a seed for TMI.
6.5.1 Perturbative calculation
In terms of our coupled mode model, we consider input mode amplitudes in
the time domain on the form
pn(0; t) =
p
P0;n [1 + a sin(
mt)] ; (6.53)
where a is the modulation depth relative to the average amplitude of the mode,

m is the angular modulation frequency and we assume a  1. We again
employ the perturbative solution to the coupled mode equations used in section
6.3, with the output PSD in the HOM S2(L;
) given by Eq. (6.40). We nd
the input PSD in the HOM S2(0;
) by inserting Eq. (6.53) into Eq. (6.46)
which gives
S2(0;
) = P0;2(
) +
P0;2a
2
4
[ (
  
m) +  (
 + 
m)] : (6.54)
The harmonic modulation of the mode amplitude gives rise to sidebands in the
spectrum which are oset from the carrier by 
m.
Inserting Eq. (6.54) into Eq. (6.40) and integrating over 
 yields the average
output power in the HOM
P2(L)  P0;2 exp ( 2gavL)

1 +
a2
4
exp

( 
m)
 1
(P1(L)  P0;1)

; (6.55)
where we have ignored the term with (
m) =  ( 
m) arising from the rst
delta-function in Eq. (6.54), since this term is very small. Dividing by the total
output power, we nd the output HOM content
(L)  (0)

P0;1
P1(L)
1  2 1 
1 +
a2
4
exp

( 
m)
 1
(P1(L)  P0;1)

: (6.56)
To investigate the sensitivity of the threshold power to the modulation depth
a, we have calculated the threshold power for Fiber A for three dierent values
of a: 10 4, 10 5 and 10 6. The corresponding TMI thresholds are: 309 W, 372
W, and 434 W. In all three cases, the modulation frequency 
m=2 = 1 kHz,
(0) = 0:01 and P0;1 = 1 W. The threshold criterium was  = 0:05, the same
as was used for quantum noise and RIN seeding. The output HOM content
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Figure 6.11: Output HOM content as a function of FM output power for Fiber
A. The TMI is seeded by a sinusoidal modulation of the input mode amplitude
with a modulation frequency 
m=2 = 1 kHz and modulation depth a of: 10
 4
(blue curve), 10 5 (green curve), 10 6 (red curve). The input HOM content
(0) = 0:01 and the input FM power P0;1 = 1 W.
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as a function of FM output power for the three values of modulation depth is
plotted in Fig. 6.11. From Eq. (6.56) it is clear that the TMI threshold has an
approximately logarithmic dependence on the modulation depth, which is also
seen in Fig. 6.11. As was the case for RIN seeding, the same is true for the
dependence on the input HOM content (0).
6.5.2 Numerical results
To check the validity of the approximate solution given in Eq. (6.56) and to
investigate the TMI behavior beyond threshold when the input signal contains
a small harmonic amplitude modulation, we have solved the coupled mode
equations numerically using the same method as in section 6.3.4. The input
mode amplitudes in the time domain are given by
pn(0; t) =
p
P0;n [1 + a sin(
mt)] e
i[n(0)+(t)]: (6.57)
In addition to the signal, we added random quantum noise to the input mode
amplitudes. The ber parameters were those of Fiber A, but in order to accen-
tuate the eects of the intensity modulation, we have chosen to model a signal
with a very narrow linewidth of 1 Hz. In the simulations presented here, the
modulation depth a = 10 4 and the modulation frequency 
m=(2) = 1 kHz.
The input signal powers were P0;1 = 0:99 W and P0;2 = 0:01 W.
We rst performed a simulation in which the ber amplier is operating at
the TMI threshold. The gain coecient is therefore set to g = ln(350)=( 1L),
which provides a gain sucient to reach the threshold power. The mode power
and HOM content as a function of z are plotted in Fig. 6.12 and shows that
the TMI threshold is reached when the output FM power is approximately
325 W. The approximate semi-analytical calculation of 309 W thus slightly
underestimates the threshold power in this case.
The output PSD of the FM and HOM are shown in Fig. 6.13. It is clear
that the HOM Stokes sideband due to the amplitude modulation has acted
as a seed for the TMI and experienced a signicant nonlinear gain, since the
strong FM carrier component is able to couple eciently to this sideband and
power is transferred from the FM carrier to the HOM Stokes sideband. On
the other hand, the HOM anti-Stokes sideband is depleted, since it couples to
the strong FM carrier, but the direction of the transfer of power is from the
HOM to the FM. This additional transfer of power from the HOM to the FM
is not taken into account in the approximate semi-analytical calculation, and
may partly explain why this calculation underestimates the FM power at the
TMI threshold.
We also see the appearance of an additional Stokes sideband at 
 =  2
m
in the HOM. The seed for this additional sideband is most likely due to intra-
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Figure 6.12: (a) Average mode power Pn and (b) HOM content  as a function
of z for 1 m of Fiber A with g = ln(350)= 1 m
 1. The input signal is an
amplitude modulated signal with a linewidth due to phase noise of 1 Hz, a
modulation depth a = 10 4 and a modulation frequency 
m=(2) = 1 kHz.
The input power in the FM / HOM is 0.99 W / 0.01 W.
modal FWM between the sidebands and carrier of the HOM. The FWM pro-
cess can generate additional sidebands at 
 = 2
m, and the second Stokes
sideband at 
 =  2
m can then be amplied by the nonlinear gain provided
by the presence of the strong FM carrier. We have tested this hypothesis
by simulating the amplitude modulated signal in the HOM only, without any
quantum noise and no signal in the FM. The output signal in this case shows
the presence of additional symmetrically distributed sidebands at the second
harmonic of the modulation frequency.
Recent experiments have utilized a beam aperture measurement to investi-
gate the temporal dynamics of TMI, in which the intensity in a small part of
the output beam near eld image is measured by a fast photo-diode [53, 54, 55].
The idea is that the temporal mode uctuations result in an intensity varia-
tion, which is then recorded and analyzed. In the experiments by Otto et al.
[53] and Ward et al. [54], a transition region was found in which the aperture
intensity measurements showed a harmonic behavior when the ber amplier
was operated close to the TMI threshold. On the other hand, no such behavior
was found by Karow et al. [55].
To compare our simulations with these experiments, we calculate the in-
tensity of the output beam at a xed point in the beam prole and plot the
corresponding normalized frequency spectrum jI(
)j=jI(0)j. The intensity is
calculated at a point located at r = 20 m,  = 0, so that the interference be-
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Figure 6.13: Output PSD of the light in (a) LP01 and (b) LP11 of the SIF am-
plier described in Fig. 6.12 with an amplitude modulated input signal. The
rst Stokes sideband of the HOM acts as a seed for TMI and experiences non-
linear gain, while the anti-Stokes side band of the FM is depleted by coupling
to the HOM carrier. The seed for the second Stokes sideband of the HOM
is generated by an intra-modal FWM process between the initial frequency
components.
tween LP01 and LP11 is strong. The result for the simulation discussed above
is plotted in Fig. 6.14 and shows a single strong peak at 
=(2) = 1 kHz and a
much weaker peak at the second harmonic 
=(2) = 2 kHz. This result is eas-
ily understood from the spectra shown in Fig. 6.13 as an interference between
the FM carrier and the amplied Stokes sideband of the HOM.
We now consider the behavior of the ber amplier when operating above
the TMI threshold. We therefore set the gain coecient g = ln(400)=( 1L),
with all other parameters being the same as above. From the mode power and
HOM content plotted in Fig. 6.15 we see that a signicant fraction of the power
has been transferred from the FM to the HOM at this gain, with the output
HOM content (L)  0:69.
From the output PSD, plotted in Fig. 6.16, we see that the Stokes sideband
at 
 =  1 kHz of the HOM has been amplied as expected. However, we also
clearly see the presence of additional Stokes and anti-Stokes sidebands in the
HOM spectrum, which are generated by the aforementioned FWM process. In
the FM, the original carrier at 
 = 0 has been depleted and a new Stokes
sideband at 
 =  2
m has appeared, and the original anti-Stokes sideband,
which was depleted at the lower gain, has been restored by the FWM process.
The additional Stokes sidebands act as seeds for the nonlinear power transfer
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Figure 6.14: Spectrum of the output intensity at a point located at r = 20 m,
 = 0 of the SIF amplier described in Fig. 6.12. The intensity uctuations are
harmonic with a strong component at 1 kHz and a much weaker component at
2 kHz. The peaks are due to interference between the FM carrier and the rst
and second Stokes sidebands of the HOM.
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Figure 6.15: (a) Average mode power Pn and (b) HOM content  as a function
of z for 1 m of Fiber A with g = ln(400)= 1 m
 1. The input signal is an
amplitude modulated signal with a linewidth due to phase noise of 1 Hz, a
modulation depth a = 10 4 and a modulation frequency 
m=(2) = 1 kHz.
The input power in the FM / HOM is 0.99 W / 0.01 W.
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Figure 6.16: Output PSD of the light in (a) LP01 and (b) LP11 of the SIF am-
plier described in Fig. 6.15 with an amplitude modulated input signal. The
additional Stokes sidebands are generated by intra-modal FWM, and experi-
ence nonlinear gain in a cascade process.
between the modes. This cascading process continues as power is increased,
generating and amplifying additional Stokes sidebands, until the power reaches
the threshold for RIN or quantum noise induced TMI at which point the noise
seeding will produce a broad spectrum which masks out the discrete sidebands.
We note that the cascade process described above requires that the mod-
ulation frequency is close to the frequency of the peak of the nonlinear gain.
A modulation frequency much higher than the nonlinear gain peak frequency
will lead to sidebands that do not experience signicant nonlinear gain. In-
tensity modulations of lower modulation frequencies may lead to a larger gain
of higher-order sidebands, generated by FWM, compared to the lowest-order
sideband if the frequency oset of the higher-order sidebands match the non-
linear gain peak frequency, depending on the relative strength of the sidebands.
We again plot the intensity spectrum of the output beam, shown in Fig. 6.17,
from which we can identify the presence of the second, third and fourth har-
monic of the modulation frequency in the output intensity. These harmonics
are caused by interference between the dierent Stokes sidebands of the FM
and HOM output.
Finally, we consider operation well above the TMI threshold, setting the
gain coecient g = ln(700)=( 1L). The average mode power and HOM con-
tent as a function of z are plotted in Fig. 6.18 and shows the average power
being transferred between the modes after the TMI threshold is reached. The
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Figure 6.17: Spectrum of the output intensity at a point located at r = 20 m,
 = 0 of the SIF amplier described in Fig. 6.15. The second, third and fourth
harmonics of the modulation frequency of 1 kHz are clearly visible, and are due
to interference between dierent spectral components of the FM and HOM.
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Figure 6.18: (a) Average mode power Pn and (b) HOM content  as a function
of z for 1 m of Fiber A with g = ln(700)= 1 m
 1. The input signal is an
amplitude modulated signal with a linewidth due to phase noise of 1 Hz, a
modulation depth a = 10 4 and a modulation frequency 
m=(2) = 1 kHz.
The input power in the FM / HOM is 0.99 W / 0.01 W.
amplier is operating well above the threshold for quantum noise induced TMI,
which results in the broad output spectra seen in Fig. 6.19. The discrete side-
bands seen at lower power levels are no longer present in the spectra.
The broad spectra of the output mode amplitudes result in a chaotic uctu-
ation in the output intensity, as is evident from the spectrum shown in Fig. 6.20.
The intensity spectrum has a broad shape with a maximum around 1 kHz and
falls o with increasing frequency. The shape of the curve will depend on ber
parameters, in particular the core diameter [2], but the overall shape is quite
similar to what was found in [53, 54].
The behavior of the TMI dynamics with increasing power matches quite
well what was observed experimentally by Otto et al. [53] and Ward et al.
[54], and it is therefore possible that the transition behavior observed in these
experiments are caused by the mechanism proposed here. The experiment by
Karow et al., in which only chaotic intensity uctuations were observed, is
also naturally explained by our model, in the sense that a suciently strong
harmonic modulation of the input signal is required to produce the harmonic
behavior seen near threshold.
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Figure 6.19: Output PSD of the light in (a) LP01 and (b) LP11 of the SIF
amplier described in Fig. 6.18. At this power level, quantum noise seeded
TMI results in broad output spectra, without the discrete sidebands seen at
lower power.
0 1 2 3 4 5 6
Ω/2π [kHz]
10-6
10-5
10-4
10-3
10-2
10-1
100
|I(
Ω
)|/
|I(
0)
|
Figure 6.20: Spectrum of the output intensity at a point located at r = 20 m,
 = 0 of the SIF amplier described in Fig. 6.19 operating well above the TMI
threshold. Discrete spectral components are no longer seen at this power level,
since quantum noise seeding is dominating. The broad spectrum reects the
chaotic nature of the mode uctuations.
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6.6 Conclusion
In this chapter we have presented a coupled-mode approach to the modeling
of TMI in high average power ber ampliers. The model has the advantage
of numerical simplicity and eciency, and also lends itself well to approximate
semi-analytical solutions. Similarly to the semi-analytic model presented in
chapter 5, a number of simplifying assumptions were made, the most limiting
being the neglect of the eect of gain saturation and thermal lensing. It may
be possible to at least partly relax these assumptions, but this is beyond the
scope of the work presented in this thesis. We have also included only the FM
and one HOM, but the model can be easily extended to include more modes.
This may be necessary in order to accurately model TMI at output powers well
above the threshold. For numerical convenience, we have chosen to focus on a
SIF amplier, but the model can be used for any type of ber for which the
modes can be calculated, similarly to the calculations for the PCFs presented
in chapter 5. In spite of these limitations, the threshold powers obtained from
the model seem to match reasonably well with experiments, and most of the
qualitative features of TMI observed in recent experiments agree well with the
results.
We have shown how both quantum noise and RIN can act as a seed for TMI,
and have shown by an approximate semi-analytical solution of the model that
the upper limit on the TMI threshold is due to quantum noise. We also found
that the threshold is quite insensitive to perturbations of the amount of signal
accidentally launched into a HOM, which is consistent with the experiments by
Ward et al. [54] and Karow et al. [55]. Considering coupling between the LP01
and LP02 modes, we found that the coupling between these two modes was
signicantly weaker compared to the coupling between LP01 and LP11 of the
same ber. This explains why LP02-like modes have so far not been observed
in experiments on TMI.
Experimentally it has been found that various types of cooling of the ber
amplier can lead to variations in the TMI threshold power [54]. While the
model allows for a varying cooling eciency through the thermal boundary
condition, we found no eect of varying the eciency of the cooling. It should
be noted, however, that the model only considers symmetric cooling of the ber,
which may not be appropriate for experiments in which the ber is mounted
on a heat sink. Furthermore, we have assumed that the thermal properties of
fused silica are independent of temperature, which is an approximation that
may not hold when the ber amplier is passively cooled.
By numerically solving the coupled-mode equations of the model, we inves-
tigated the behavior of the ber amplier above the TMI threshold and found
that in the case of quantum noise seeding, the average power in each of the
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two modes seems to converge to half the total power as the output power is in-
creased well beyond the threshold. No drop in total output power is associated
with reaching the TMI threshold, and the instability provides no impediment
to increasing the signal power above the threshold power. This is consistent
with what was reported by Eidam et al. [16]. The instantaneous power in
each mode was found to uctuate chaotically on a ms timescale in a manner
similar to the ndings of Stutzki et al. [52]. As discussed in chapter 5, this
timescale depends on the core diameter of the ber. We also found that the
TMI threshold and dynamics was insensitive to the bandwidth of the input
signal, consistent with the ndings of Ward et al. [54].
Finally, we have investigated the eect of a small harmonic intensity modu-
lation of the input signal on TMI, and shown how it may lead to the generation
of discrete frequency components in the intensity of the output beam through a
combination of thermally induced intra-modal FWM and inter-modal coupling.
This eect may explain the behavior in the transition region near threshold ob-
served in the recent experiments by Otto et al. [53] and Ward et al. [54].
The decrease in TMI threshold power with increasing core diameter re-
ported in [46] cannot be explained by the model presented in this chapter.
This is because the model assumes that the mode proles are unaected by
the radial thermal gradient. As shown theoretically in [1] and experimentally
in [46], this is not the case for LMA ber ampliers and the thermal lensing
eect becomes more pronounced with increasing MFD.
In terms of mitigation strategies, the ever-present quantum noise means that
in order to push the output power beyond the quantum noise TMI threshold,
which can be as low as a few hundred W, ber designs which reduce the overlap
between the FM and any HOMs, as well as with the doped region, should
be considered, as we discussed in chapter 5. PCF ber designs combining
index guiding with PBGs to provide nearly single-mode operation in a limited
bandwidth can also be eective in increasing the TMI threshold, but due to
the sensitivity of the bandgap location to the heating of the core [4], such bers
must be designed for use specically at high operating power.
Intensity noise reduction can also increase the TMI threshold, but as we
have shown, the threshold power is rather insensitive to the RIN level, and so
the eect of noise reduction is expected to be modest. On the other hand, the
presence of discrete spectral components of the RIN at a frequency close to
the peak TMI gain of the ber may lead to a substantial reduction of the TMI
threshold, and active stabilization measures to reduce such spectral components
may be worthwhile.
Chapter 7
Summary and outlook
Despite the excellent thermal properties of Yb-doped ber ampliers compared
to conventional laser systems, the push towards higher average operating power
means that thermo-optical eects are beginning to pose signicant challenges
to ber lasers and ampliers as well. The purpose of the work presented in
this thesis is to provide a theoretical understanding of these eects, with a
particular emphasis on the very recently discovered phenomenon of TMI. Here,
a summary of the results obtained and a discussion and outlook towards future
research is given.
7.1 Summary
In chapter 3 a 2D BPM model of an Yb-doped ber amplier was presented,
which included the eects of THB of the gain and the thermo-optic eect. The
model was used to study LMA single-mode ampliers, and it was shown that
large radial temperature gradients caused a thermal lensing eect, which signif-
icantly reduced the MFD of the beam. This eect leads to enhanced nonlinear
optical eects, such as SPM under pulsed operation. It was also found that
the thermo-optic eect can be large enough to render a nominally single-mode
ber eectively multimode, and that the local modes can vary signicantly
depending on the local thermal load. The model failed to convincingly repro-
duce TMI, showing only a modest transfer of power between the FM and rst
HOM at an output power an order of magnitude higher than what is observed
experimentally for bers of similar characteristics.
The 2D BPM model was extended to a 3D model in chapter 4 by expanding
the azimuthal dependence of the dynamical variables in a truncated Fourier
series. Since the ber under study was only slightly multimode, only a few terms
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in the Fourier expansion were required, leading to an ecient implementation
compared to conventional 3D BPM codes. The model was used to study the
interaction between the LP01 and LP11 modes in a LMA rod-type ber, but no
TMI was observed. The failure of the BPM models to convincingly reproduce
TMI is due to the fact that a perfect CW signal is assumed, which means that
the thermal prole can be calculated under the assumption of steady-state.
The thermally induced refractive index grating is thus in phase with the mode
beating pattern of the two modes, which precludes the ecient coupling of the
modes. The modest mode coupling observed in chapter 3 is most likely due to
the large longitudinal temperature gradient in this simulation, which causes a
longitudinal variation in the periodicity of the index grating.
A semi-analytic model of TMI was presented in chapter 5, which showed
that the phenomenon can indeed be understood as a thermally induced coupling
between the FM and a HOM. The coupling is mediated by the thermally
induced refractive index grating, but unlike in the BPM models, the grating is
not stationary since the mode coupling was assumed to be seeded by frequency
components of quantum noise redshifted by about 1 kHz relative to the signal.
The nite response time of the thermal nonlinearity causes the refractive index
grating to lag behind the mode beating pattern, which permits ecient power
transfer to occur between the modes. The model provided a simple semi-
analytical method for calculating the TMI threshold power, and was used to
study the dependence of the threshold on various design parameters of a SIF.
It was also shown how the model can be applied to PCF designs. In general, it
was found that the threshold power decreases with increasing overlap between
the modes and the doped region of the ber core.
The main results on TMI were presented in chapter 6, in which a coupled-
mode model of the phenomenon was formulated. The model is based on the
same basic idea as the semi-analytic model in chapter 5, but is much more
general, and can be used to study the temporal dynamics of TMI, both at
threshold and beyond. It was found that signal intensity noise can also act as
seed for TMI, and gives a lower threshold compared to quantum noise seed-
ing. The eect of a small amplitude modulation of the input signal was also
studied, and it was found that the \transition regime" observed in some recent
experiments [53, 54] could be explained by a combination of thermally induced
FWM and mode coupling. A number of qualitative features of TMI reported
in recent experiments were compared to the results of the model, and it was
found that almost all of them could be explained by the model. A more de-
tailed discussion of this comparison can be found in the conclusion of chapter
6.
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TMI has become one of the main challenges in the ongoing eort to increase
the output power of rare-earth doped ber laser systems. While it is possi-
ble to increase the output power beyond the TMI threshold, the resulting loss
of beam quality and pointing stability can render the laser eectively useless
for applications that require high beam quality. It is therefore of consider-
able interest to investigate mitigation strategies that can signicantly increase
the TMI threshold. This work should benet from an increased theoretical
understanding of the phenomenon.
In terms of the work presented in this thesis, the semi-analytic and coupled-
mode models presented in chapter 5 and 6 could conceivably be improved
by taking the eects of gain saturation and thermal lensing into account in
an approximate way. This should lead to better quantitative agreement with
measured TMI threshold powers. Eorts by Jrgensen et al. to take thermal
lensing into account in the semi-analytic model has already shown signicant
quantitative improvement in the results [6, 7].
The BPM models presented in chapters 3 and 4 could also be extended
to include the temporal dynamics of the thermal nonlinearity. This has the
advantage of taking gain saturation and thermal lensing fully into account,
but at the expense of numerical complexity. A full 3D BPM model including
temporal dynamics has been implemented by Smith and Smith [38] using a 2D
cartesian grid for the transverse discretization. Including temporal dynamics
in the Fourier expansion BPM algorithm presented in chapter 4 should be
numerically more ecient, which would be very useful considering the long
simulation time required by such models.
As for ber ampliers designed to increase the TMI threshold, the results
presented in this thesis show that the key to obtaining a high threshold power
is to reduce the overlap of any HOMs with the FM and the core. The LPFs
presented in [15] were designed for this purpose. Another technique to obtain
eectively single-mode behavior in a LMA ber is to use the PBG eect to
\lter out" the HOMs in a limited wavelength range [4]. However, both ap-
proaches are hindered by the presence of strong radial thermal gradients during
high average power operation, which signicantly alter the guiding properties
of the ber. However, it is possible that the latter approach could be rened to
design a LMA ber with eectively single-mode guidance at high average power
by proper design of the mode ltering elements in the cladding microstructure.
Such a ber could potentially have a very high TMI threshold. The drawback
of this approach would be that the ber would be designed specically for high
power operation, and would likely have very poor guidance properties at low
average power. The great design exibility oered by PCFs should nonethe-
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less provide ample opportunities for investigating novel designs that are more
resilient to thermo-optical eects.
List of acronyms
BPM beam propagation method
CW continuous wave
FEM nite element method
FFT fast Fourier transform
FM fundamental mode
FSM fundamental space-lling mode
FWM four-wave mixing
GVD group-velocity dispersion
HOM higher-order mode
LMA large mode area
LPF large pitch ber
MFD mode eld diameter
NA numerical aperture
PBG photonic bandgap
PCF photonic crystal ber
PM polarization-maintaining
PSD power spectral density
RIN relative intensity noise
SAP stress-applying part
118 List of acronyms
SBS stimulated Brillouin scattering
SIF step-index ber
SPM self-phase modulation
SRS stimulated Raman scattering
THB transverse hole burning
THG third-harmonic generation
TIR total internal reection
TMI transverse mode instability
XPM cross-phase modulation
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